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Abstract.

This paperpresentsa simple and robust algorithmfor estimatingthe local geometricpropertiesof

intersectiorcurves,namelythetangentnormal,binormal,curvatureandtorsionvectorsat ary point. In addition,
two new marchingdirectionsthatmake useof thesepropertiesaregiven.

1 Introduction

The numericalmarchingmethodis the mostwidely used
methodfor computingintersectioncurves. This scheme
compriseghreeprimaryphase$8, 6]: hunting(startpoint),
tracing, and sorting. The hunting phase provides starting
point for steppingon the intersectioncurve. It shouldlo-
cateall branche®f theintersectiorcurve andpreventmul-
tiple copiesof thesamesequencef pointsduringmarching
phase Hodographg$10], subdiisiontechnique$3, 9], and
algebraionethodq1, 5] have beenappliedfor handlingthe
huntingproblem.Themarching phase computesequences
of pointsof anintersectiorcurve branchby tracingoutfrom
a startingpoint. Incorrectstepdirectionor size may lead
to erroneougesults. The sorting phase groupsthosese-
quence®f pointsinto disjoint brancheof the intersection
curve. Whenthe points on the intersectioncurve can be
found sequentiallythis phasaes trivial.

Most marchingmethodanake useof local differential
geometryor Taylor seriesexpansionsabouteachpoint of
the intersectioncurve to control the step. Tracingin the
tangentdirection[8, 3], alongacircle [2, 13], andalonga
parabolg11] aresomesolutionspresentedn theliterature
and the most usedstepsize is the one dependenbn the
curvature[3, 11]. Differentialequationsystem[7, 5] and
continuationmethod[1] arealsousedto traceout a branch
of theintersectiorcurve.

Whenthe parametridorm of a curve is known its lo-
calpropertiessuchastangentcurvature normal,binormal,
curvature,andtorsion,canbe derivedexactly. However, in
thecaseof marchingschemesthesepropertiesareusedfor
determiningthe unknown curve. Motivatedby the applica-
tions of differential propertiesin determinationof march-
ing directions,Ye andMaekava [14] proposedalgorithms
basedon Differential Geometryto computethe local prop-
ertiesof the intersectioncurve aslong asthe intersection
pointsareobtained.

Using torsionandthe derivative of the curvature,we
could test other marchingdirectionsinspiredin classical
DifferentialGeometry Insteadf usingapproximatvecurves
thathave contactof first andsecondrder, we did someex-
perimentswith curvesthathave acontactof third orderwith
theintersectingcurve. However, after several attemptswe
realizethattheformulasproposedy YeandMaekava[14],
althoughtheoreticallycorrect,are not computationallyro-
bustattheintersectingpointswherethe parametricsurfaces
arenotenoughtrans\ersal. Thereasorarisesfrom thelim-
itations of computerbasedrepresentatiofior small devia-
tionsof theintersectingsurfacenormalvectors.

In this paperwe presentan alternatve way for esti-
mating the propertiesof the intersectioncurve of ary two
regular surfaces. The only requirements thatthe normal
vectorsof the two intersectingsurfacesare known. Our
algorithmis basedon the tangentandnormal vectorsesti-
matedby Wu and Andrade[13]. Moreover, we usedthe
resultsto derive moreaccuratemarchingdirections.

Section2 introducessomebasicconceptof Differen-
tial Geometryand Section3 summarizesomerelatedre-
sults. In Section4 we presentour basicideaandits im-
plementation.We alsoshow that the estimatedvaluesare
good approximationgo the theoreticalvalues. Section5
illustratesthe applicationof our algorithmto intersection
problems.Finally, someconcludingremarksaredravn in
Section6.

2 Basic Concepts

To be self-containedwve summarizein this sectionsome
conceptdo beusedn Sectiond andfix notationdor them[12,
4].

A parametricurvea = a(u) in ®2,

a(u) = (z(u),y(u), 2(u)),u € [a,b] C R,



is calledregularif its tangentvector

nevervanishes.

If the curve is at leasttwice continuouslydifferen-
tiable, the deviation of a curve from a straightline at any
pointu canbemeasuredby its curvature

| 6u(u) x Gi(u) |
| cu(w) |°

wherex denoteshecrossproductof two vectors.If k(u) =
0 Vu, thenthe curve reducedo a straightline. An isolated
point at which the curvaturevanishess aninflection or a
flat point. From the curvature,one canderive the radius
r(u) of the (osculating)circle (r(u) = ﬁ) whosefirst
andsecondderivativesagreewith thoseof the curve atthe
pointa(u).

If the curveis atleastthreetimescontinuouslydiffer-
entiableandx(u) # 0, onecanmeasurdhe deviation of a
curve from beingplanarby its torsionr, givenby

; 1)

k(u) =
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whered denoteghethird-orderderivative of a.. Thetorsion
7(u) vanishesfor planarcurves. The functionsx(u) and
7(u) areindependentf theparameterizatioanddetermine
uniquelya curvein 2. Whenthe parametes is suchone
that| &(s) | = 1Vs, wesaythattheparameterizatioof the
curveis by arclengths.

To ary point a(u) on the curve a we may introduce
a specialcoordinatesystemto facilitate the descriptionof
local curve properties.This coordinatesystemwith origin
ata(u) hasaxesX, Z, andY’, respectiely, in thedirections

__4(u)
WS Tawr

_ afu) x a(u)
bu) = m;and 3)
n(u) = bu) x t(u)

The vectorst(u), n(u), andb(u) are called, respec-
tively, (unit) tangentvector, (unit) normalvector and(unit)
binormalvector Thisreferencesystenortrihedronis called
theFrenetframe.Theassociat@lanesare:osculatingplane
(tn), normalplane(nb), andrectifying plane(tb) (Figurel).

Onecangetthe so-calledrFrenetformulasfor a curve
a parameterizedvith respecto arclengths

+x(s)n(s)

—kt(s) —7b(s)

a(u)

Osculating plane

Figurel: A Frenetframe.

From theseequationsand Taylor’s formulasfollows
thatwhen As — 0 the projectionsof a(s) on the three
planesof the Frenetframebehave nearthe pointa(s,) like
thecurve

X(s) = 3—5(20) s

v(e) = HWelpy g @
K(80)7(80)

Z(s) —Ts3

It is alsoshown thatin the neighborhoodf a(s,) the
curve a(s) hasthird-ordercontactto a circular helix setat
its Frenetframe

B =) = (acos > asin >, %), ©)
where
H(So) T(SO)

,c=+vVa%+ b2

In particular if 7(s,) vanishesthe curve behaeslike a
circle.

As alreadymentioned,the curvatureand the torsion
aredeviationsof a curve from astraightline andfrom a os-
culatingplane,respectrely. Geometricallywith the useof
Frenetframe, it is equivalentto saythatthey are, respec-
tively, theangularvelocitiesof ¢(s) andb(s) with As — 0

(t(s) — t(s — As))

T o)+ 12(50)" . K2(s0) + 72(50)

)= m, SO0 ©
7(s) |= Jim (V=002 20) @

Thetorsion7(s) maybe positive or negative. It is positve
whenthe vectora(s) — a(s — As) is, with regardto the
osculatingplane,in the samehalf-spaceof the vectorb(s),
otherwiseit is negative.



We alsohave that

. 2sin —d’(ﬁs)
)1 = Alirgo a(s) — a(s — As) ®
sign[r(s)] = sign[(a(s) —a(s — As))-b], (9)

where¢(As) is the anglebetweenthe binormalsat a(s)
anda(s — As).
Considera parametrizedgurfacer = r(u,v) in %2,

r = (2(u,v),y(u,0),2(4,)), u,v € [a,b]x[c,d] C N2
If z, y, andz aredifferentiableand
Ty X 7 # 0fOr (u,v) € [a,b] X [c,d],

we saythatr(u, v) is aregularsurface. The tangentvector
to asurfacecurve r(u(t), v(t)) canbe computedrom
. _Or. oOr,
r = %u + %v
In particular the tangentdo the isoparametricurves
aregivenby
_or _or
T8 T B
They arenowheretangento eachotheranddetermine
thesurfacetangentplane.Thenormalvector

Ty X Ty
N(’U/,'U) - | Tu X Tw | (10)
togetherwith the unnormalizedvectorsr, andr, form a
local coordinatesystemat r(u,v). This frame playsthe
sameimportantrole for surfacesasthe Frenetframedoes
for curves.

Supposethat we cut the surfacer(u,v) at P with a
planethat containsthe normalvectorat P. This planein-
tersects (u,v) alongaplanecurver(u(t), v(t)) whosecur-
vatureis calledthenormalcurvaturex,, of thesurfacein the
directionr(u(t), v(t)) at P. This curvatureis givenby

.\2 . 2
= WM E NS gy
E(4)? + 2F40 + G(9)?

where

E=ry-ry, F=ry-10, G=r1y-1y
L=ryy N, M=ry N, N=ry N

are,respectiely, thefirst andsecondundamentaform co-
efficientsof r(u, v).

Whentwo regular surfacesS; (u,v) and Sz (s, w) in-
tersectwe saythattheintersections transwersalat a point
Si(u,v) = Sa(s,w) = P when their normal vectors
Ns, (u,v) and N, (s, w) arenot parallelat that point. If
anintersectionis trans\ersalat P, the tangentialdirection
of theintersectiorcurve at P is givenby

P Ns, (u,v) X Ng, (s, w)
B |NS1(U>U) XNSz(Saw) |

(12)

3 PreviousWork

Wu and Andrade[13] proposeda robust algorithmfor es-
timating the osculatingcircle at the intersectionpoint P
from the tangentvectorat P, tp, andthe tangentvector
atthe previousintersectionpoint @), tg. It is robustin the
sensdhatasfar asthetangentvectorsaredeterminableéhe
methodworks. An approximateosculatingcircle at P is
constructedasfollows (Figure 2):

Center (C): theintersectiorof threeplanes:theplanethat
contains) andhastg asnormalvector, the planethat
containsP andhastp asnormalvector andthe plane
thatcontainsP andhasanormaltp x tq.

Radius (R): thedistancebetweenC andP.

Then,the curvatureandthe normalvectorat P are,respec-
tively,

n=C-P (13)

Figure2: An estimatedsculatingcircle.

Ye and Maekawa [14] derive the local trans\ersalin-
tersectiorcurve propertiesatapoint P from thelocal prop-
ertiesof theintersectingsurfaces,F' andG, atthatpoint.

Thetangentvectorof theintersectiorcurveis givenby
Eq.(12).If thesurfacesarein parametridorm, Eq.(10)can
be usedfor computingthe surfacenormalvectors.

Thenormalvectorof theintersectiorcurve is derived
asfunctionsof normalcurvaturesandnormalvectorsof the
two surfaces

Knp — Kng COS0

n= S~ PG COST y

sin? 6

Kng — Knp cosf
sin% @

Na, (14)
wherecos§ = N - Ng andk,, canbeevaluatedwith help
of Eq.(11).

The curvatureand its derivative with respectto arc
length(notation“’”) canbe computedrespectiely, from

1

K = m\/(""'nF)2 =+ (/inG)Q _ 2"7nF’inG cos @ (15)



Ci(u) = ((4 + cos(4u)) cos u, (4 + cos(4u)) sin u, sin(4u)), Au = 0.01

u Point K T K
Exact | Estimated| Ratio Exact Estimated| Ratio Exact Estimated| Ratio
-9.86 | (-3.47,1.61,-0.98)| 0.56902| 0.56916 | 0.99975| 0.51416 | 0.53178 | 0.96687| -0.00685| -0.00371 | 1.84621
-9.85 | (-3.52,1.59,-0.99)| 0.56855| 0.56878 | 0.99960| 0.49574 | 0.51295 | 0.96646| -0.00981| -0.00680 | 1.44183
-9.84 | (-3.57,1.57,-0.99)| 0.56793| 0.56823 | 0.99945| 0.47778 | 0.49457 | 0.96605| -0.01261| -0.00975 | 1.29293
-9.83 | (-3.63,1.55,-0.99)| 0.56714| 0.56753 | 0.99931| 0.46028 | 0.47665 | 0.96566 | -0.01525| -0.01255 | 1.21488
-0.02 | (4.99,-0.10,-0.08)| 0.51242| 0.51255 | 0.99974| 0.12619 | 0.12716 | 0.99238| -0.00352| -0.00527 | 0.66825
-0.01 | (4.99,-0.05,-0.04)| 0.51225| 0.51232 | 0.99985| 0.12562 | 0.12622 | 0.99525| -0.00176| -0.00352 | 0.50076
-0.00 | (5.00,-0.00,-0.00)| 0.51219| 0.51221 | 0.99996| 0.12543 | 0.12566 | 0.99817| -0.00000| -0.00176 -
0.01 (4.99,0.05,0.04) | 0.51225| 0.51221 | 1.00007| 0.12562 | 0.12548 | 1.00111| 0.00176 | -0.00000 -
0.02 (4.99,0.10,0.08) | 0.51242| 0.51232 | 1.00018| 0.12619 | 0.12568 | 1.00405| 0.00352 | 0.00176 | 1.99821
C(u) = (cos(u),sin(u) — 1, 2sin(u/2)), Au = 0.01
u Point K T K
Exact | Estimated| Ratio Exact Estimated| Ratio Exact Estimated| Ratio
-3.96 | (-0.68,-0.27,-1.83)| 0.93847| 0.93672 | 1.00186| 0.21801 | 0.22026 | 0.98981| 0.32499 | 0.32540 | 0.99874
-3.95 | (-0.69,-0.27,-1.83) 0.94197| 0.94022 | 1.00185| 0.21593 | 0.21819 | 0.98964| 0.32475| 0.32524 | 0.99850
-3.94 | (-0.69,-0.28,-1.84) 0.94545| 0.94371 | 1.00184| 0.21382 | 0.21610 | 0.98947| 0.32444 | 0.32500 | 0.99826
-3.93 | (-0.70,-0.29,-1.84) 0.94893| 0.94719 | 1.00183| 0.21170 | 0.21399 | 0.98930| 0.32405| 0.32469 | 0.99802
-0.02 | (1.00,-1.02,-0.02)| 0.50002| 0.50004 | 0.99996| -0.37499| -0.37498 | 1.00002| -0.00198| -0.00298 | 0.66661
-0.01 | (1.00,-1.01,-0.01)| 0.50000| 0.50001 | 0.99998| -0.37499| -0.37499 | 1.00001| -0.00099| -0.00198 | 0.49997
-0.00 | (1.00,-1.00,-0.00)| 0.50000| 0.50000 | 0.99999| -0.37500| -0.37499 | 1.00000| -0.00000| -0.00099 -
0.01 | (1.00,-0.99,0.0) | 0.50000| 0.50000 | 1.00001| -0.37499| -0.37500 | 0.99999| 0.00099 | -0.00000 -
0.02 | (1.00,-0.98,0.02 | 0.50002| 0.50001 | 1.00002| -0.37499| -0.37500 | 0.99997| 0.00198 | 0.00099 | 2.00007
Tablel: (1,4) curve anda spacecurve of degreefour.
and ()‘nG — Anp COS 0) (b : NG))a (17)
k'=c"n, (16)
where
M= — 2+ A — Ang €08 GNF+ AnGg = Anr COSGNG‘ wherethe cunvaturer is givenby Eq.(15)andthe binormal

sin’ @ sin’ @

A, Of eachsurfaceis a function of its secondform coefi-
cients,derivatives,andnormalvector\
An = 3(Luv" + M(u'"v' +u'v") + Nu'v'") +
PawaN (1) + 3y N (u') 0’ +
3ruveNu' (V) + Ty N (v')3.

Notethatthe derivativesu', ', v' andv” canbe ob-
tainedby solvingthefollowing linearsystems

Eu +Fv = r,-t
Fu' +Gv = ry-t
and
Eu'+ Fv" = n-ry—EZe@')? - Eau'v'—
(F - S)wP,
Fu'"+Gv" = n-ry—(Fy— %)(u’)z — Guu'v'—
%)y
2

They alsoshow thatthetorsionat P canbe obtained
from

1

T = T3,
Kk sin“ 6

((Anr = Ang cos0)(b- Np) +

vectorby theexpressiont x n.

In addition, they derived a set of formulasfor com-
puting the differential propertiesof tangentialintersectiqn
curves(/\/lf = Ng = N). In particular by settingw = %
andu = 77, thetangentvectormaybegivenby the expres-
sions

wFy+Fy

if b11 0
TFatub]? elseif b1y = 0 andbsy # 0,
notdefinable, otherwise

t =

(18)
where
bi1 = a3y Lg + 2a11a21 Mg + a3y Ng — LF,
bia = arna12Lg + 2(a11a22 + as1a12) Mg + az1a3,Ng —
Mg, and
boy = a%zLG + 2a10a99 Mg + a%zNG — Np, with
det(Fy,Gow,N) det(Fy,Guw,N)

aj; = y 12 = —F——,
VEcGg—(Fg)? VEcGag—(Fg)?
as = det(Gs, Fu,N) andass = _det(Guw,Fu,N)

" VEeGe—(Fg)?’ " VEeGe—(Fa)?'



C1(0.0): Exacts = 0.461539Fxactx’ = -0.00000Exacttorsion=0.068376

AU K Esgxcifed (Iﬁ]) h‘,’ Esltzv.'::c:fed (h‘,l) T Eséi::ifed (7_)

0.2 0.466204 0.989992 -0.022913 0.000000 0.119135 0.573938

0.1 0.462718 0.997451 -0.012992 0.000000 0.080786 0.846387

0.01 | 0.461550 0.999975 -0.001342 0.000000 0.068499 0.998203
0.001 | 0.461539 1.000000 -0.000134 0.000000 0.068377 0.999982
0.0001 | 0.461538 1.000000 -0.000013 0.000000 0.068376 1.000000

C>(0.0): Exacts = 0.5,Exactx’ = 0.00000 Exacttorsion=-0.375000

AU K Esti’rmnz(z‘:ed (h}) I'i)’ Esti::z:fed (K/I) T ESti,::ifEd (T)

0.2 0.500706 0.998590 -0.020055 0.000000 -0.374626 1.000999

0.1 0.500176 0.999648 -0.009965 0.000000 -0.374907 1.000248

0.01 | 0.500002 0.999996 -0.000994 0.000000 -0.374999 1.000002
0.001 | 0.500000 1.000000 -0.000099 0.000000 -0.375000 1.000000
0.0001 | 0.500000 1.000000 -0.000010 0.000000 -0.375000 1.000000

Table2: Improvementon problematigpoints.

4  Our Proposal

Becauseof the limitation on the computerbasedepresen-
tation,the Eqs.(14—-17pnly work well when

cosf =Np-Ng<1-—e. (19)

They arenumericallyunstablevhensin # assumeserysmall
values. This meansthat in the neighborhoodof a non-
trans\ersalintersectiorpoint, wrongvaluesfor x andr are
generatedlt leadsusto look for a morerobustalgorithm,
eventhoughit deliversapproximationsnsteadof exactval-
ues.

Similar to the one proposedoy Wu and Andrade,our
algorithm dependssolely on the computabilityof the tan-
gentvectorsof the intersectioncurve. It is basedon the
intuitive geometricmeaningof the local curve properties
expressedy Egs.(6)and(7).

From Egs.(12)and (18) one can easily get the tan-
gentvectorfor trans\ersalaswell astangentiaintersection
point. The normalvectorandthe curvaturecanbe evalu-
atedby Eq.(13). Knowing thetangentandthe normalvec-
tors, the binormalvectoris computedrom the crossprod-
uctb = t x n. In thisway, aFrenetframemaybedefinedat
ary tracedntersectiorpoint. Egs.(8)and(9) let usestimate
thetorsionr from the deviationsof theseFrenetframes.

Finally, consideringwo successie pointsa(s — As)
anda(s) ontheintersectionthe derivative of the curvature
is simply givenby

K (s) = k(s) — k(s — As)

~ As—o0a(s) —a(s — As)’ (20)

We carriedoutasetof testan known parametricurves
for comparingheestimatedalueswith theexactonescom-
putedfrom Eqgs.(1-3).Tablel presentshedeviationsof the
estimatedraluesfrom theexactoneswhenthe Frenetframe
varieswith v for two curves:acurve of type(1,4)onatorus

(it is a helix which turnsfour timesaroundthetorus)anda
spacecurve of degreefour.

For simplicity, we consideredhat Aw is constantjn-
steadbf keepingarclengthconstantlt is worth notingthat,
exceptat the pointswherethe sign of the torsionchanged,
the estimatedvaluesare closeto the exact oneseven with
relatively large stepsizes.The sign of an estimatedorsion
alsoagreeswith the signof thecorrespondingxactone.

For the problematicpointsit is expectedthat smaller
stepsizeswill improvethe estimation.Table2 summarizes
theimprovementsf the estimatedsaluesfor two problem-
aticpoints,C1 (0.0) andC>(0.0), whenwereducedhestep
size Au. Obsenre thatthe smalleris Au, the closeris the
estimatedraluesto the exactones.

5 Marching Directions

Theoreticallywe know thatthe higherthe contactorderof
the intersectioncurve and a curve along which we step,
the moreconsecutie pointsthey have in common.Hence,
oneapplicationof our algorithmandthe one proposedoy
Ye andMaekawa [14] is to computetheintersectioncurve
moreaccuratelyby steppingin thedirectionof a curve that
hasa contactof higherorderwith the intersectioncurve,
suchastheonesrepresentetly Eqs.(4)and(5). We call the
tracingmethodalong Eq.(4) a polynomial one,and along
Eq.(5),ahelicaltechnique.

Themarchingdirectionis usedfor estimatingthe next
tracing point. Becauseof the trade-of betweenefficiency
andaccurag, that point is usually not on the intersection
curve. Newton iterationsare requiredto improve the ac-
curag of reachedpoints at eachstep. It is clearthat the
nearlies the point to the curve [6], the lessiterationsare
necessaryo improveits coordinatesn relationto theexact
intersectiorcurve. Hencei|t is interestingto know whether
marchingalongthe curvesgivenby Eqgs.(4)and(5), which



Fy(u,v) = (4 + cos(4u)) cos(u) + v(0.00000001 * cos(4u) + 0.99999999 * sin(4u)) * cos(u),
(4 + cos(4uw)) sin(u) + v(0.00000001 * cos(4u) + 0.99999999 * sin(4u)) * sin(u),
sin(4u) + v(0.00000001 * sin(4u) — 0.99999999 * cos(4u)),
0<u<2rand—0.5<v < 0.5
G1(s,w) = [(4 + cos(s)) sin(w), (4 + cos(s)) cos(w), sin(s)],

0<s,w< 27w
TracedPoints Cosf) K T K
Ye/Maek. | Wu/Andrade| Ye/Maek.| OurEst. Ye/Maek. Our Estimation
(-3.4661.618-0.985) | 0.9999999| 0.544909 0.569099 0.654178| 0.518759| -0.0000000001222 -0.0063964385
(-3.4751.615-0.986) | 0.9999999( 0.719336 0.569047 0.747620| 0.520539| -0.0000000000593 -0.0052067827
(-3.4851.611-0.987) | 0.9999999( 0.571359 0.568970 0.474029| 0.511158| 0.0000000000399| -0.0077316070
(-3.4941.608-0.988) | 0.9999999| infinity 0.568898 -0.00000 | 0.511021 infinity -0.0072266777

F>(u,v) = (cos(u),sin(u) — 1,v),
0<u<2m—3.0<w<3.0,
Ga(s,w) = (2cos(s) cos(w), 2 cos(s) sin(w), 2sin(s)),
0<s<2m0<w<m.

TracedPoints Cosf) K T K
Ye/Maek. | Wu/Andrade| Ye/Maek.| OurEst. Ye/Maek. Our Estimation
(-0.728-0.3151.836) | 0.1573029| 0.939439 0.93781 0.217445| 0.219372 0.316894 0.325097
(-0.722-0.3081.840) | 0.1539310| 0.942687 0.94106 0.215500| 0.217445 0.317005 0.324930
(-0.715-0.3011.843) | 0.1505841| 0.945933 0.94431 0.213537| 0.215500 0.317039 0.324695
(-0.709-0.2951.847) | 0.1472627| 0.949175 0.94755 0.211556| 0.213537 0.316992 0.324390

Fs(u,v) = (3.5 4+ cos(3.0u)) cos(u), (3.5 + cos(3.0u)) sin(u), v),
0<u<2m—-10<v<1.0,
G3(s,w) = (3.5 + cos(w)) cos(s), (3.5 + cos(w)) sin(s), sin(w)),

-7 < s,w< 27.
TracedPoints Cosf) K T K
Ye/Maek. | Wu/Andrade| Ye/Maek.| OurEst. Ye/Maek. Our Estimation
(1.8801.9880.645) | -0.623760| 0.485811 0.485389 0.969451| 0.975825 0.051255 0.084414
(1.8881.9870.651) | -0.618415| 0.486647 0.486228 0.963098| 0.969450 0.051480 0.083898
(1.8961.9860.656) | -0.613077| 0.487478 0.487061 0.956767| 0.963097 0.051679 0.083360
(1.9041.9850.662) | -0.607749| 0.488303 0.487889 0.950459| 0.956766 0.051851 0.082801

Table3: Determinatiorof local properties.

requirehigherorderderivatives,is moreefficientthanmarch-
ing along a circle. Moreover, it is worth evaluatingthe
trade-of of our algorithmin relationto the algorithmpro-
posedby Ye andMaekava[14] in the context of the robust
andefficient computatiorof intersectiorcurves.

In thiswork we restrictedour comparisonso thepara-
metricsurfaces.Thealgorithmproposedy Ye andMaeka-
wa providesanexactcomputatiorof thelocal propertiesof
the intersectioncurve. However, for the caseswherethe
conditionstatedby Eq.(19)is not satisfied(i.e. thenormal
vectorsof theintersectingsurfacesarealmostparallel),the
computationof &, k', andr is numericallyunstable.One
reasorcomesfrom theterm ﬁ in Egs.(14-17).

Table3 presentshelocal propertieof theintersection
curve determinecy our algorithmandby the algorithmof
Ye andMaekawva, aswe tracedthe intersectioncurve with
stepsizeL = 0.01.

The first pair of surfaces,F;(u,v) and G1(s,w), is
almostnon-transersal(cos ~ 1.0). In this caseour al-

gorithmwasableto determindocal propertiesof any point
of the intersectioncurve (Figure 3), whereaghe algorithm
proposedby Ye and Maekawva could not provide correct
datafor tracingit (Figure4). The secondpair, Fi(u,v)

and G2 (s, w) (Figure5), andthe third pair, F3(u,v) and
G3(s,w) (Figure6), have alsosomenon-transersalinter-

sectionpoints. Obsene, however, theaccurag of Ye/Mae-
kawatechniquen determiningocalpropertiedor trans\er-

salintersectiorpoints.

The exact representatiomf the intersectioncurve of
the first pair of surfacesand the secondpair are, respec-
tively, C;(u) andCs(u). Notethattwo lists of pointsare
providedin the Table1. It is because¢hatwe could not be
ableto getexactly thesamesequencef pointsby applying
two differentmethodsfor determininglocal curve proper
ties. We performecdbur comparisondetweerthemostclos-
esttracedpoints.

Comparingthe valuesin Table 1 with the valuesin
Table3, we mayseethat,exceptin theneighborhoof the



Surfaces L Method #points lit 2it 3it 4it 5it >5it
RuledSurface/Drus | 0.1 Tangential 1371 | 35.59% | 0.00% 0.00% | 0.00% | 0.00% | 64.41%
Circular 1339 | 33.46% | 0.00% | 0.00% | 0.00% | 0.00% | 66.54%

Polynomial | OurEstimation| 1339 | 33.01% | 0.00% 0.00% | 0.00% | 0.00% | 66.99%

Ye/Maekava 187 2.54% | 0.00% | 0.00% | 0.00% | 0.00% | 97.46%

Helical OurEstimation| 1339 | 32.49%| 0.00% | 0.00% | 0.00% | 0.00% | 67.51%

Ye/Maekava 655 13.97%| 0.00% | 0.00% | 0.00% | 0.00% | 86.03%

Torus/GenCylinder | 0.1 Tangential 1215 0.00% | 0.00% | 100.00% | 0.00% | 0.00% | 0.00%
Circular 1181 | 0.00% | 0.00% | 100.00% | 0.00% | 0.00% | 0.00%

Polynomial | OurEstimation| 1181 | 0.00% | 26.08% | 73.92% | 0.00% | 0.00% | 0.00%

Ye/Maekava 1181 | 0.00% | 94.33% | 5.67% | 0.00% | 0.00% | 0.00%

Helical OurEstimation| 1181 | 0.00% | 32.09% | 67.91% | 0.00% | 0.00% | 0.00%

Ye/Maekava 1181 | 0.00% | 94.33% | 5.67% | 0.00% | 0.00% | 0.00%

Sphere/CicCylinder | 0.1 Tangential 1160 0.00% 0.0% 99.83% | 0.17% | 0.00% | 0.00%
Circular 1098 | 0.00% | 0.00% | 99.82% | 0.18% | 0.00% | 0.00%

Polynomial | OurEstimation| 1098 0.00% | 1.09% | 98.73% | 0.18% | 0.00% | 0.00%

Ye/Maekava 1098 | 0.00% | 90.16% | 9.66% | 0.18% | 0.00% | 0.00%

Helical OurEstimation| 1098 | 0.00% | 0.00% | 99.82% | 0.18% | 0.00% | 0.00%

Ye/Maekava 1098 | 0.00% | 55.74% | 44.08% | 0.18% | 0.00% | 0.00%

Table4: Comparison®f marchingdirections.

F(u,v)=Ruled Surface e G(s,w)= Torus

Domain of the G

Domain of the F
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Figure3: TracingRuledSurface/Druswith local properties
obtainedby ourtechnique

non-transersalintersectionpoint, the valuescomputedby
the Ye algorithmis moreaccuratehanthe onesestimated
by ouralgorithm.

It is expectedthat, in comparisorwith methodsthat
tracealongcurvesof degree2, polynomialandhelicaltech-
nigquesrequirelessiterationsfor improving the coordinates
of thetheobtainedooints. Forillustrative purposewve present
in Table4 the numberof iterationsrequiredfor tracingthe
intersectiorof threegivenpairsof surfaces.

It is noticeablethe superiorityof the Ye algorithmin
handlingtrans\ersalintersectionghat satisfythe condition
expressedy Eq.(19). However, whenthatconditionis not
fulfilled, marchingalongcurveswith a contactof higher

Domain of the G

Domain of the F

Figure4: TracingRuledSurface/Druswith localproperties
computedoy Ye/Maekavatechnique

orderis not possible. Our algorithm doesnot suffer this
shortcominglts simplicity favorsnumericalrobustnessAt

pointsin the neighborhoodf the non-transersalintersec-
tion point, it is still ableto estimatethelocal propertieswith

thesameprecisionasat otherpoints.

6 Conclusions

We presented simplealgorithmfor estimatingsomelocal
curve propertiesand appliedthemto tracean intersection
curve of two parametricsurfacesalongcurveswith a con-
tactof third order

In the casegdested,our algorithmfor estimatinggeo-




F(u,v)=Circular cylinder e G{s,w)= Sphere

Domain of the F Domain of the G

Figure5: IntersectiorCircularcylinder/Sphere.

F(u,v)=Generalized Cylinder e G(s,w)=Torus

Domain of the F Domain of the G

ANAAA

Figure6: IntersectionGeneralizecCylinder/Torus.

metricparameterfiasshavn morerobustthanthe Ye algo-
rithm, sinceit candealwith thenon-transersalintersection
pointsthatdonotsatisfyEq.(19). Someexamplesverepro-
videdto attestthis statement.

Additionally, from our numericalexperimentswe ob-
sened that the proposedbolynomialand helical marching
directions presentbetter performancethan the directions

proposedn thementionedvork —lessiterationswereneeded

to improve the obtainedpoint ateachstep.However, anac-
curateanalysisof our proposedracingmethodddemands
deeperstudyon topologicalandgeometricalspects.This
discussiomwill dependn: (1) trans\ersalityconditionsbe-
tweenthe intersectingsurfacesandthe topologicalnature
of the intersectioncurves (bifurcation pointsandtheir na-
tures, and knotted or unknottedcurves for instance),and
(2) estimationfor total variation of curvatureandtorsion,
includingtorsionsigndiscussion.
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