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Abstract

Recently thereis a trendto develop efficient polygonizationtech-
niquesfor implicit surfacesaimingatinteractve modelingandan-
imation. Oneof the mostchallengingssuedor suchtechniquess
to ensureghe matchingbetweerthetopologyof the surlaceandthe
topologyof its polygonalapproximation Thereforejt is important
to accuratelyextractthe topologicalinformationfrom a givenim-
plicit function. This canbe doneusingMorsetheory which says
thatthecritical pointsof arealfunctionareintimatelyrelatedto the
topologyof its level sets. Previous efforts to locatecritical points
consistof eitheremplging intenal searchover the domainof the
implicit functionor trying to find themincrementallyin the neigh-
borhoodof selectedrertices.In this papemwe proposeanalternatve
proceduredor a specificskeleton-basednodel. We usethe spatial
coherencef theskeletonelementgo give agoodfirst guesgor the
locationsof the critical points. Newton’s methodis thenappliedto
improve theaccuray of thesepredictions.

CR Categories: 1.3.5 [ComputerGraphics]: ComputationalGe-
ometry and Object Modeling—Cure, surface, solid, and object
representations.

Keywords: critical points,implicit surfaces Morsetheory topol-
ogy.

1 Introduction

Implicit surfaceshave beenwidely usedin the last few yearsfor
modeling, visualization,and animation. Of particularinterestis
their inherentcapability of representingmoothshapeswith arbi-
trary topology Moreover, implicit formulationsarewell suitedto
ray-tracingalgorithms.

We arefocusedon a specificmodelingtechniquewherea sur
faceis definedimplicitly by a skeleton. Informally, a skeletonis a
setof primitive functionswhich arecombinedto definethe shape
of anobject. The skeleton-basedpproachprovidesa very flexible
way to modelsurfaces,whosegeometrycanbe alteredby simply
changingeitherthe position or the shapeof their building primi-
tives.

However, implicit surfaceshave a dravback: they cannotbe
easily renderedat interactve ratesby ray-tracingmethods. This
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posesacritical limitation to realtime modelingandanimationsys-

tems. Consequentjymucheffort wasputinto creatingapproxima-
tive models eitherusingpunctualsamplingor polygonalrepresen-
tations.

Techniqueghatonly provide samplepointson theimplicit sur
faceareadequatdor simpleobjects. On the otherhand,for com-
plex sceneswith several overlappingobjects, meaningfulvisual-
ization becomesnoredifficult. In this case,opaquevisualization
methodsemplagying polygonalapproximationshave shavn to be
morecorvenient[18].

One of the mostpromisingpolygonizationtechniquesvas pre-
sentedby Desbruretal. [6, 7] andlaterrefinedby Crespinetal. [5].
It usesa loosely constrainedparticle systemto createa polygo-
nal patchin the neighborhoodf eachprimitive thatbelongsto the
skeleton. Thosepatchesare then“zippered” togetherto createa
globalmeshthatapproximateshe correspondingmplicit surface.

This divide-and-conqueapproacthasmary benefitsover other
polygonizationtechniquesnpamelyits efficiengy andlocal control
over sampling. However, the topologicalcorrectnessf the final
meshcanonly be guaranteedavith additionalknowvledgeaboutthe
topology of the implicit surface. By using Morsetheory we can
obtainthis knowledgeby finding andclassifyingthe critical points
of theimplicit function.

In this paperwe addresshe issueof determiningthe critical
pointsof a particularclassof implicit functions. Insteadof using
agenericinterval searci{11, 18] or monitoringthe rate of change
of the implicit function [4], we usethe spatial coherenceof the
skeletonelementgo predictthe sitesof the critical points. The ob-
tainedestimatesrethenimprovedby usingNewton’s method.We
shaw thatthesepredictionsaretight in the sensehatthey normally
corvergewith few iterations.

The remainderof this paperis organizedasfollows. We begin
with relatedwork and somebasicconcepts. Then,in Section3,
we describethe implicit modelwe worked with. In the next sec-
tion we presentbur procedurgo locatecritical pointsand explain
the reasoningoehindit. Somerepresentate examplesare shavn
in Section5 to illustrate the searchprocess. Finally, concluding
remarksaregiven.

2 Related Work

GivenafunctionF : R® — R andarealvaluec, the setof points
S. thatsatisfy F'(x) = c is calledanimplicit surface Thevaluec
is namedhreshold In fact,this surfacecorrespondso thelevel set
of F associateavith c, thatis, S. = F~!(c).

Althoughthefunction F' canbearbitrary it is typically built on
the basisof a skeleton[1, 21]. A skeletonis a setof simple pre-
definedgeometricaklements.To eachsuchelements associated
an implicit primitive f;, which definesa scalarfield in R®. Be-
causeeachprimitive canbe evaluatedandmodifiedindependently
we have control of the shapeof the surfacein the neighborhood
of eachprimitive. Hence,the skeleton-basedpproactprovidesa
conciseyetflexible frameavork for designingmplicit surfaces.

We candistinguishtwo basictechniquedor interactve visual-
izationof implicit surfaces:punctualsamplingandpolygonization.



In [2], BloomenthalandWyvill suggestedhat particlesystems
couldl be usedto sampleimplicit surfaces,providing simplevisu-
alizationwith cloudsof points. Later, Figueiredoet al. [8, 9] im-
provedtheideausingphysically-basednethods.They emplgeda
modifiedgradientof F' to definea vectorfield in R®, sothatran-
domly scatteregarticlescould move towardsa specificlevel set.
To achieve a moreuniform samplingdistribution, a mutualrepul-
sion force amongparticlescould be addedto the simulation[19].
Witkin andHeckber20] andDesbruretal. [6] usedrespecitiely,
discsandscalesinsteadof pointsto enhancehe 3D perceptiorof
thesamplesMalheirosandWu [12] got similar resultsusingfog.

Despitethoseefforts, it is recognizedhata setof samplepoints
is not suficient for correctly conveying the shapeof objectsin a
compl sceng[18]. Polygonalapproximationsare still more ad-
equatefor the visualizationof elaboratemodels,which cantake
adwantageof hiddensurfaceremoval techniques.

Several techniquedor the polygonizationof implicit surfaces
have beenproposed3], but only few of themensurahetopological
correctnessf theresultingmesh.Of particularinterestfor usis the
work of Bottino etal. [4] andHartetal. [11, 18]. Thefoundation
of theirwork is provided by Morsetheory

Morsetheorywasdevelopedin the early sixtiesby Milnor [14].
It establishegherelationshipbetweerthe critical pointsof F ona
manifold M andthehomotopy typeof M. Moreover, it stateghat
thetopologicalchange®nthelevel setsof F' occuronly atcritical
points[10].

A critical point of arealfunction F' is a pointx whosegradient
vanishesthatis,

VF(X) = (Fa (%), Fy (%), Fz (X)) = 0.

The value F(x) of the function at a critical point is called a
critical value
TheHessiarof F is definedasthe Jacobiarof its gradient,

Fou (X) me(x) F;, (X)
H(x)=J(VF(x)) = | Fya(x) Fyy(x) Fy(x) |.
anc(x) Fzy(x) Fzz(x)

A valueof X, for which (H(x) — AI)y = 0 hasasolutiony #
0, is calledan eigervalue of H(x). The correspondingolutions
y # 0 arecalledeigervectos of H(x).

Eachcritical point canbe classifiedby analyzingthe eigerval-
uesof its Hessian Givena critical pointx, we canobtainthethree
eigervaluesl; < Il < I3 of H(x). If atleastoneof themis
zero,thepointis saidto bedegeneate Otherwiseijt is callednon-
degenente, andwe maycharacterizek by thesignsof its eigerval-
ues:

I. | Io | I3 | classification
- - - maximum
- - |+ 2-saddle
- + | + 1-saddle
+ |+ | + minimum

Let us illustrate this conceptwith a heightfield definedby a
scalarfunctionover R?, depictedin Figurela. Becausehis func-
tion hastwo variables,ts Hessiaris a 2 by 2 matrix andthereare
threetypesof critical points: maximum (a peak),saddle(a val-
ley), anda minimum. Obsere that eachlevel setof this function
correspondgo a curve, andthe topology of thesecurves change
asthe critical valuesare passedFigure 1b). At eachsuchvalue
the associatedevel cure presentsa singularity In this case,at
the level correspondindo the maxima,eachcune is reducedo a
point; andat the one correspondingdo the saddlepoint, thereis a
self-intersectingpointon thecune.

An analogousituationoccursfor thefunction ', definedin R3.
In this case gachlevel setis a closedsurfaceimmersedn R2. The
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Figurel: A two-variablescalarfunction shav asa heightfield (a)
andslicedto revealsomelevel sets(b).

topologyof a given level setcanbe determinecby comparingits
thresholdwith thecritical valuesof F'. Thereforethekey pointfor
guaranteeing topologically correctpolygonizationof animplicit
surfaceis to locatethecritical pointsof its associatedunction.

Bottino et al. [4] generalizedhe shrinkwiap technique[15] to
handletopology changes. For constructinga polygonal approxi-
mationfor animplicit surfaceof level cs, the methodstartscon-
structinga tessellatiorfor the setassociatedvith a lower level ¢;,
nearzero.Accordingto theirimplicit functiondefinition, this level
setis approximatelya spherewith large radius,which canbe eas-
ily triangulated.The methodthenproceeddy creatingsuccessie
approximationgor the intermediatelevel setswith the threshold
incrementedy Ac > 0, until thefinal valuecy is reached.

For eachnew level set, the meshis updatedby displacingthe
verticeson the surfaceand subdviding edgeswhenthe local cur
vatureis high. To handletopologicalchangesetweentwo con-
secutve level sets the techniquesearchesor critical pointsin the
neighborhoodf eachvertex. Also, to avoid unnecessargom-
putations,a formula was proposedor trivially excludingthe ver
ticeswhoseneighborhoodioesnot containcritical points. There-
maining verticesare thenemplg/ed asfirst guessegor Newton'’s
method[16] to find possiblecritical points. After all nearbycritical
pointsarefound,theappropriatéopologicalchangeon themeshis
performedbasedntheeigevaluesof the Hessiarat thosepoints.

StanderandHart [18] proposedan alternatve approachnamed
inflation, wheretheapproximationsrebuilt astheinitial threshold
¢; decrease® alowervaluecy. Thevaluec; is choserto behigher
thanary valuegiven by the function F, sothattheinitial level set
is empty Differently from the modified shrinkwrapalgorithm,all
critical pointsaredeterminedat theinitial step.Their approximate
sitesare obtainedby an intenval subdvision algorithm, and then
improvedby anintenal Newton’s method.

While thethresholddecreaseseveralcritical valuesarepassed,
and the correspondingchangesof topology are reflectedin the
polygonalmesh.The following sequencef critical pointsoccurs:
maximums 2-saddlesl-saddlesandminimums. This meanshat
first the thresholdwill passthe critical value of a maximumpoint
(anewv componenwill be created).Then,it will passthe critical
valueof a 2-saddle(two componentsvill meige) beforeit reaches
the critical value of a 1-saddle(a holeis filled). Finally, it passes
the critical valueof aminimum (anair bubbleis popped).

In [11], Hartetal. appliedthe previoustechniqueon primitives
with local support. Furthermorefor efficiency reasonsthey used
standar@D Newton’s methodto improve theestimateditesof crit-
ical points.



3 Our Implicit Model

Ourmodelconsistof acollectionof n unweightedsphericajprim-
itivesin R®. Theimplicit functionF : R® — Rt is givenby

F(x)=) fix), (1)

where f; is areal function associatedvith the primitive P;. This
primitive is centeredat the point P; (z;, yi, z: ), with positive influ-
enceradiusr;. We call aregion of influencel; of P; theregionin
RR2 whereits influenceis non-zerothatis,

L={xeR®:|x—- P <r:}

The commonregion of influenceR;..., is definedasthe setof all
pointsthat have influenceof the sameprimitives P;, wherei €
{j,---,k}. In particular whenaprimitive is isolated,R; = I;.

Therealfunction f; dueto the primitive P; is obtainedby the
compositiorof d with s;:

fi(x) = dos; = d(s;i(x)),

wheres; andd arenamedespectiely, the shapeanddecayfunc-
tions.

The shapefunctions; : R® — R of P; takesinto considera-
tion theassociatethfluenceradius,andgivesthe sphericabppear

anceof the primitives:
_lx=Pi
5

8;(x)

The decayfunctioncontrolsthe amountof influencegivenby a
primitive asthe distancefrom it increases.The function adopted
wassimultaneouslyroposedn [3] and[12], andis expressedy

)

_Ja—=#? ifo<t<1
d(t) = { 0, otherwise ®)

Notethatd is invertiblein theinterval [0,1]:

d () =v1- ¥t

Fromthesedefinitions,our function f; hassomeniceproperties.
It is monotonicallydecrescerds||x— P;|| increases theinfluence
region of P;, andvanishesvhen||x — F;|| > r;. Moreover, asit
is C? continuousthis function providessmoothemppearancthan
C° or C* continuouskernels(Figure2).
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Figure 2: Two primitives with C° (left), C* (middle), and C*
(right) kernels.

4 Estimates for Critical Points

In this sectionwe describeanalgorithmfor finding a critical point
dueto theinfluenceof n sphericaprimitives. Insteadof isolatinga
critical pointin a smallenoughrefinementegion [11], we stepit-
eratively towardto it. In thisway, we mayavoid ambiguitiegwhen
thereis morethanonecritical pointin thesameregion) andnumer
ical corvergenceproblems.

4.1 Ilterative Procedure

Considern primitivesP;. Thecritical pointscanbelocatedby the
following procedure:

1. (Maximums)For eachprimitive P;, with centerp;:

(a) Attributeinitially thepredictione; = P;.

(b) Validateé;, by verifying whetherit is insidethe influ-
enceregion of primitives other than the onesalready
considered. If not, a maximum has beenfound and
x; = é&;.

(c) Updatethe prediction,by consideringhe contritutions
of all primitives that have non-zeroinfluenceat this
point. Useasthe seedfor Newton’s methodtheold e;.
Gotosteplb.

2. Constructanincidencegraph:theverticesrepresenthe max-
imums(andthe correspondingrimitives)andthe edgesthe
commoninfluenceregionsfor eachpair of maximums.

3. (2-saddles}for eachedgeij in thegraph:

(a) If averte, 7 or j, denotesagroupof primitives,choose
all pairsof primitivesfrom both groupswhich have a
commoninfluenceregion.

(b) Foreachpair, computethepredictioné;; with Newton'’s
methodusingasinitial guesghepoint P;; givenby

T
ri +1;

T

By =
9 (’f'i+7°j

)P +(

). (4)

If themethodfails or doesnot convergeto a2-saddlea
nav guesss choseron the basisof the previousone.

(c) Validateé;;, by verifying whetherit is inside the in-
fluenceregion of primitivesotherthanthe onesalready
consideredIf not,acritical pointhasbeenfound: malke
xi; = €;; andgoto step3e.

(d) With Newton’s methodimprove &;;, by consideringhe
contritutionsof all primitivesthathave non-zerainflu-
enceatthis point. Goto step3c.

(e) Determinethe classificatiorof x;;, on the basisof the
eigervaluesof its Hessian.

4. Updatethe incidencegraphby remaving the edgeshetween
two verticesthat have critical points of type otherthana 2-
saddle.

5. Assignasa cyclein the incidencegrapheachnon-collinear
andclosedsequencef verticeswhosecorrespondingprimi-
tiveshave acommoninfluenceregion.

6. (1-saddles}or eachcyclec in thegraph:

(@) Computethe predictioné. usingNewton’s method. If
the 2-saddleghat surroundthe commonregion R, are
insideit, usetheir barycentemsthe seed. Otherwise,
replacethe 2-saddledy pointsontheborderof R, and
usethe barycenteiof themasthe seed. If the method
fails or doesnot converge to a 1-saddle a new seedis
choseron the basisof the previousone.

(b) Validateé,., by verifying whetherit is insidethe influ-
enceregion of primitives other than the onesalready
consideredIf not,acritical pointhasbeenfound: malke
X. = &, andgoto step6d.



(c) With Newton’s methodimprove &., by consideringhe
contritutionsof all primitivesthathave non-zerainflu-
enceat this point. Goto step6b.

(d) Determinethe classificationof x., on the basisof the
eigemwvaluesof its Hessian.

7. Assignasa supecyclein theincidencegrapheachsetof cy-
cleswhoseprimitivesbuild a non-coplanaconfigurationand
have acommoninfluenceregion.

8. (Minimums)For eachsupergcle s in thegraph:

(a) Computethe predictionés usingNewton’s method. If
the 1-saddleghat surroundthe commonregion R are

insideit, usetheir barycenterasthe seed. Othenpisgragreplacements

replacethe 1-saddledy pointsontheborderof R, and
usethe barycentenf themasthe seed. If the method
fails or doesnot converge to a minimum,choosea new
seednthebasisof thepreviousoneandrepeathepro-
cedure Otherwisemale x; = é;.

9. End.

4.2 Analysis

We canperformthe trackingof a critical point of F' basedon the
factthat F' is C% continuous.

Whenthe influenceregionsdo not overlap,we have in eachre-
gion R; only theindividual contritution dueto the primitive at the
pointP; = (xi, yi, 2i):

(—2)’+@y—u) +(z— Z¢)2)3.

fi(zay’z) = (1 -

ThegradientV f; (z, y, z) only vanishest P;. Becausef; is mono-
tonicallydecrescerinsidetheinfluenceradiusr; (aswe move avay
from its center),P; is themaximumof f; in R;.

The sum of two or more individual functions f;, which are
monotonicallydecrescentrom their centerandwhosecentersare
aligned,is eithermonotonicallydecrescentr “wavy”. In thefirst
casetheold maximumshave collapsednto anew one(Figure3a);
in the secondcase,we have a 2-saddlebetweentwo maximums
(Figure 3b). Note thatwe denotethe groupof primitivesthat col-
lapseinto amaximumwith a singlevertex in theincidencegraph.
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Figure3: Thesumof two monotonicallydecrescenfunctions.

To build a 2-saddle fwo primitivesP; andP; aresuficient, if
they areplacedin suchawaythatin theircommoninfluenceregion
R;; oneof the functionsis crescentandthe other decrescentln
this casethereis apoint P;; where
_ 1Py _2Pi||2)3 - - |1 Pij — Pj||2)3,

2
T ’I“j

(1

from whichwe obtainEq. (4).

We obseredthatthereis a point betweenP;; andthe centerof
theprimitive of greateiinfluenceradius,wheref; + f; changebe-
havior, from monotonicallydecrescen(‘descendingfrom F;) to
crescen(“climbing” towardsP;). This occursalongthe direction
P;P; (Figure4). In aparticularcase whenr; = r;, this 2-saddle
coincideswith P;;. Hence unlesghereareindividual contritutions
in otherdirectionswe only have two classe®f critical points:max-
imumsand2-saddlesalternatvely.

P; Pij *ij Pj

Figure4: The2-saddlebetween?;; andthe centerof the primitive
of greateiinfluenceradius,P;.

Thisgeometridnsightwasusefulfor choosingNewton’s method
for finding the 2-saddlessincethereis at mostonecritical point,
x;;, betweenk; andx;. Using 15”- asthefirst guessthe method
shouldconverge rapidly eitherto a maximum,%; or x;, or to the
2-saddlex;;. Whena maximum,say%;, is sentas a solution,
det H(P;;) anddet H(%;) have the samesign (Figure4). Then,
we may pick
Pq,‘j + JA(j

2
asanotheiinitial guessln mostcasespnly two triessufiice. How-
ever, if this secondpointleadsto x;, onemoretry with

P,;l' =

P2 Pij + P
9T 2

shouldbe sufiicient to geta correctguessfor x;;. Figure5 illus-
tratesthis proceduregeometrically

u

Figure5: Theimprovedsearchor thefirst guessof a2-saddle.

Onemayarguethat P;; couldlie neara maximumsuchthatits
gradiennearlyvanishesindNewton's methodfails. To remedythis
situation we usethemidpointof P; P; asanotherattempt.

A 1-saddlerequiresone seconddirection, A, along which F
alsoincreasedrom this critical point. As our individual functions
are monotonicallydecrescenfrom their centers,at least3 non-
collinear primitives, P;, P;, and Py, arenecessaryo createthis
valley configuration. The critical point mustbe surroundecby a
“ring” of maximumsand2-saddlessuchasa valley is surrounded
by mountainsandhills. Therefore we look for 1-saddlesonly in
the regionsenclosedy maximumsand2-saddles Analogouslyto
the 2-saddleswe useastheinitial estimatea pointin thecommon
influenceregions R;;;, of thoseprimitives.
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In practice,we usethe barycenterP;;;, of the surrounding2-
saddlesk;;, X;j,, andk;i. If a2-saddlds notinsideR;;x, sayX;;,
it is replacedby the point, x}j, on the borderof Ry, in the direc-
tion of its correspondingigervector This ensureghatwe always
choosea point with a “lower functionvalue”. Whendet H (X;;x)
anddet H(P;;1) have differentsigns,Newton’s methodwill lead
to a 2-saddle. We may, however, do anotherattemptwith a nev
barycenterafterreplacingthe corverged 2-saddleby the previous
barycenter This is donerecursvely until the methodconvergesto
the 1-saddle.ln mostcasestwo triesareenoughto getthe correct

initial estimatefor x;;. Figure6 depictsgraphicallythisidea.

Figure6: TheimprovedsearcHor thefirst guessf a 1-saddle.

We may generalizehis procedureby supposinghatn coplanar
(but non-collinear)primitives build one closedsequencef max-
imums and 2-saddles. Then, we use as the initial estimatefor
the 1-saddlethe barycenteof all 2-saddlesr their corresponding
pointson the borderof the commoninfluenceregion. Becauseof
the monotonicbehaior of our function, thereis only onecritical
point, namely1-saddle nside the commoninfluenceregion of n
primitives,if:

1. theseprimitivesbuild oneclosedsequencef maximumsand
2-saddlesand

2. the 2-saddlesare eitherinside the commoninfluenceregion
or have correspondingointson the borderof this region.

We can constructa minimum by imposingthat F' increasesn
ary radial directionstartingfrom it. Geometricallythis is equi-
alentto having in the neighborhoodf the minimum “spatial val-
leys” thattogetheruild an“air bubble”. A minimal configuration
thatsatisfieghis requirementonsistof 4 non-coplanaprimitives.
We searchfor aminimumin a similar way to whatwasdonefor a
1-saddlelt mustbeinsidethe commoninfluenceregion of n prim-
itiveswhosel-saddlesrenotcoplanar Moreover, thesesaddler
their correspondingpointson the borderof the commoninfluence
region mustbelongto this region. We usethe barycenteof these
pointsastheinitial estimateto the aimedminimum. If it fails, we
may geta goodfirst guesswith a proceduresimilar to the onethat
we usedto find outa correctestimatefor an 1-saddle.

5 Examples

To illustratethe methodproposedn Sectiond.1,we presenin this
sectionsomerepresentate examples.Thenumericacomputations
werecarriedoutin Mathematic413] andtheimagesvererendered
by our customizedrersionof the POV-Raypackagd17].

Firstly, we considera real function defined by four primi-
tives with the sameunitary influenceradius,and with centersat
P;(0.41,0.41,0.41),(0.41,-0.41,-0.41)P5(-0.41,0.41,-0.41pnd
P4(-0.41,-0.41,0.41) We shav how the critical pointscanbe ob-
tainedstepwise. The initial prediction(estimate)of eachcritical
point (%), theindicesof primitiveswhoseinfluencecoversit (inf),
andthe numberof iterationsnecessaryo converge (it) aresumma-
rizedin thefollowing tables.

1. Maximums: The primitive centerswere usedas estimates

for the maximums.Becausehereis no influencefrom other
primitives,the maximumscoincidewith the centersall hav-
ing the samecritical valuel.

i estimate | inf X; it
1 P 1 (0.41,0.41,041) | O
2 Py 2 (0.41,-0.41,-0.41)| O
3 P3 3 (-0.41,0.41,-0.41)| O
4 Py 4 (-0.41,-0.41,0.41)| O

. Incidence graph: To eachprimitive ¢ € {1,2,3,4} is as-

sociatedone maximum. Therefore,we needfour nodesto
representhem. Due to the symmetricconfiguration,these
primitiveshave mutualinfluences Thisleadsto thefollowing
incidencegraph.

®
N
O—0
\@/

3. 2-saddles: Eq. (4) was usedto get the initial estimatefor

eachpair of primitivesthathave a commoninfluenceregion.
Again, becausef the symmetryof the configuration,all 2-
saddleshave the samecritical value0.5850.

iJ estimate | inf Xij it
12 Pio 1,2 | (0.41,0,0)
13 Py3 1,3 | (0,0,-0.41)
14 Py 1,4 | (0,0.41,0)
23 Po3 2,3 | (0,0,0.41)
24 Poy 2,4 | (0,-0.41,0)
34 Py 3,4 | (-0.41,0,0)

O O OoOooo

. Update the incidence graph: As every critical point found

in aninfluenceregion R;; is a non-dgenerate2-saddle,no
updateontheincidencegraphis necessary

. Cyclesin the graph: In this casewe have four closedse-

guencesof nodesin our graph. They correspondrespec-
tively, to the setsof primitives{1,2,3}, {1,3,4, {2,3,4}, and
{1,2,4}, asdepictedn thegraphbelaw.

. 1-saddles: In this casethebarycenteof eachgroupof three

2-saddledies insidethe commonregion of threeprimitives,
R;ji. Thereforewe usedit asthefirst attemptto getthe 1-
saddlesFortunatelyNewton's methodconvergedto pointsof
this type andno furtherestimationsn the directionof eigen-
vectorswerenecessaryThe correspondingritical valuefor
eachl-saddlds 0.5056.

=
=

c estimate
123 | (%12 + %23 + %13)/3
124 | (%12 + %24 + %X14)/3
134 | (%13 + %34 + %X14)/3
234 | (%23 + %34 + %24)/3

%c it
(0.125,0.125,-0.125)
(0.125,-0.125,0.125)
(-0.125,0.125,0.125)

(-0.125,-0.125,-0.125)
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7. Supercyclein the graph: Only with the primitivesof all four
cycleswe were ableto definea minimal non-coplanarcon-
figuration. Therefore,we group thesefour cyclesinto one
supergcle, asshavn below.

8. Minimums. Again, becaus®f the symmetry we canuseas
estimatefor the minimum the barycenterof the four previ-
ouslyfound1-saddlesilts critical valueis 0.4872.

s estimate X it
1234 | (%123 + %124 + %134 + %234)/4 | (0,00) | O

9. End.

From the critical valuesfound aborve, it is easyto characterize
thetopologyof theimplicit surfaceS, for distinctvaluesof c. As
therearefour distinctcritical values five topologicalconfigurations
canbecharacterize@Figure7).

no components
4 components
1 componentvith 4 holes
1 componentvith 1 bubble
1filled component

c>1
0.5850 < c <1
0.5056 < ¢ < 0.5850
0.4872 < ¢ < 0.5056
0 < c<0.4872

Figure 7: Symmetricconfiguration: ¢=0.7 (top left), ¢=0.55 (top
middle),c=0.5 (top right) andslice (bottomleft), andc=0.45(bot-
tom middle)andslice (bottomright).

To illustrate a situationwhere Newton's methodmay fail with
the initial estimategiven by Eq. (4), we analyzeda function de-
fined by two primitiveswith influenceradiusr,=2 andr,=3. They
arecenteredrespectiely, at P;(0,0,0)and P»(2,1,0).Althoughthe
methoddivergeswith ourfirst estimatewe knew thattheremustbe
a2-saddlebetweertwo maximumsfrom the existenceof the com-
moninfluenceregion R;2. Then,anattemptwith a nev P;; was
carriedout. In the secondry, we wereableto locatethe 2-saddle
after 2 iterations. Figure 8 shavs the implicit surfaceassociated
with ¢=0.9138. Note thatthereis a singularityin the surfacethat
correspondso the2-saddl€foundin F. Thenext tablesummarizes
thecritical pointsfound.

point class position crit. value | it
X1 maximum | (0.278,0.139,0)| 1.1327 2
X0 maximum (2,1,0) 1 0
X12 2-saddle | (1.338,0.669,0)] 0.9138 2
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Figure8: A two primitive configurationwith ¢=0.9138.

Anotherinterestingexampleis shavn in Figure9. It containsa
sharednaximumcreatedy two primitives. It alsoshavsthateven
whentherearecommonregionsof influenceof threeprimitives,the
existenceof a 1-saddlecannotbe assuredMoreover, this example
illustratesthat not always we have a 2-saddlebetweena pair of
primitives. Theparameter$or this configuratiorare:r;=2,r,=2.6,
r3=3.5,r4=1.5,P; (0,0,0),P2(4,0,0),P3(2,1,0),andP4(2,0.5,1.5).
Thetablebelow lists the critical pointsobtainedwith our method.
Note that the critical pointsx;» andx;4 do not exist, dueto the
influenceof Ps.

point class position crit. value | it
X4 maximum | (2.007,0.557,1.317) 1.5508 2
Xo = X3 maximum (2.445,0.278,0) 1.3260 3
b3 maximum (0.290,0.145,0) 1.2686 2
Xo4 = X34 2-saddle | (2.618,0.526,0.496) 1.1234 4
X13 2-saddle (1.454,0.727,0) 0.9506 4

s—u-y b‘r
> >

Figure9: A four primitive configurationwith ¢=1.1234(top left),
¢=1.05(topright), c=0.9506(bottomleft), andc=0.8(bottomright).

Figure 10 exemplifiesa situationwhereonly one maximumis
associatedo several primitives: four primitiveswith radiusr; =1,
r2=0.5, r3=0.4, and r4=0.4, centeredat P;(0,0,0), P»(0.6,0,0),
P3(0.4,-0.21,0),and P4(0.4,0.21,0). In this case,therearethree
primitivesthatbuild asinglemaximum.Hence purincidencegraph
is constitutedy two nodes.Onecorrespondto a“enlarged” primi-
tiveandtheotherto P;. Obserethatin this casewe couldsuccess-
fully distinguishtwo critical pointsthatarevery close,asattested
in the following table. Also, asexpected the 2-saddleand maxi-
mumssurrounda 1-saddle.



point class position crit. value | it
X9 = X3 = X4 maximum (0.4367,0,0) 1.9770 8
X1 maximum (0,0,0) 1 0
X13 2-saddle | (0.0841,-0.044,0)| 0.9817 3
Xo4 2-saddle | (0.0841,0.044,0)| 0.9817 3
X123 = X124 1-saddle (0.100,0,0) 0.9788 5

Figurel0: A four primitive “valley” configurationwith ¢=1.4(top

left), ¢=0.997(topright), c=0.9817(bottomleft), andc=0.9(bottom
right).

We presentin Figure 11 a configurationmade of six prim-
itives with the sameunitary influenceradius. The centersare
P,(1.1,0,0), P»(0.55,0.9526,0),P5(-0.55,0.9526,0) P4(-1.1,0,0),
P5(-0.55,-0.9526,0)and P5(0.55,-0.9526,0)building aring. It is
interestingo notethatthereis no 1-saddlealthoughthemaximums
and2-saddlesuild aperfectcyclein R3. Thisis expectedasthere
is nocommoninfluenceregion for thesesix primitives.

point class position crit. value | it
X1 maximum (1.1,0,0) 1 0
X2 maximum | (0.55,0.9526,0) 1 0
X3 maximum | (-0.55,0.9526,0) 1 0
X4 maximum (-1.1,0,0) 1 0
X5 maximum | (-0.55,-0.9526,0) 1 0
X6 maximum | (0.55,-0.9526,0) 1 0
X12 2-saddle (0.825,0.476,0) 0.6787 0
Xo3 2-saddle (0,0.953,0) 0.6787 0
X34 2-saddle | (-0.825,0.476,0)| 0.6787 0
X45 2-saddle | (-0.825,-0.476,0)| 0.6787 0
X56 2-saddle (0,-0.953,0) 0.6787 0
X16 2-saddle | (0.825,-0.476,0)| 0.6787 0
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Figure1l: A six primitive configurationwith ¢=0.6787(left) and
¢=0.001(right).

Finally, we shav a more involved examplein Figure12. The
femaletorsoshavn on thetop is madeof 22 primitives,with radii
varying from 0.9to 7.5 unitsandwith thresholdequalto 0.9. The
positionsof theseprimitivesarepresentedn the middle of thefig-
ure. Finally, with our proposedprocedurewe could successfully
determinethe critical points and generatethe interestingsurfaces
presentea@tthebottom.

point class position crit. value | it
X0 maximum (0,6.435,-0.708) 3.2530 8
XL maximum (-1.382,6.318,0.057) 3.1774 8
XM maximum (1.382,6.318,0.057) 3.1774 8
Xp 2-saddle | (-1.003,6.359,-0.245)| 3.1690 7
XR 2-saddle | (1.003,6.359,-0.245) 3.1690 4
Xs maximum | (-2.322,6.036,1.607)| 2.8077 3
X7 maximum | (2.322,6.036,1.607) 2.8077 3
XE maximum | (-2.150,-2.354,-1.713)  2.6602 3
Xp maximum | (2.150,-2.354,-1.713)| 2.6602 3
Xu 2-saddle | (-2.146,6.113,1.212) | 2.6293 4
Xy 2-saddle (2.146,6.113,1.212) 2.6293 4
XaH 2-saddle (0,-1.376,-1.613) 1.7683 3
X7 2-saddle (0,1.268,-0.778) 1.6248 2
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Figure 12: A femaletorso, with ¢=0.9 (top left and top right),
¢=1.7683(bottomleft), andc=1.6244(bottomright).
6 Conclusions

We presentedan algorithm that determinesefficiently good first
guessefor thecritical pointsof a skeleton-base@nplicit model.



Underthe constraintghat the primitives are unweightedpoly-
nomiial functionswith monotonicallydecreasingontritutions,we
shavedthatatight initial guessmaybe achieved iteratively by an-
alyzing the positionalrelationshipamongthe primitives. In our
numericalexperimentatiorwith theseestimateswe realizedthat
Newton’s methodcorvergesin lessthanfour iterationsin mostsit-
uations. Furthermorepncewe look for the critical pointsdirectly
in their neighborhoodwe could overcomethe problemof “false
critical points”reportedn [11], withoutarny numericalassumption.

Althoughouralgorithmwasconcevedfor aclassof unweighted
primitive functions,we believe thatit alsoworkswell for positive
weights. Slight modificationsto Eq. (4) may be necessaryo take
thesaweightsinto considerationTherefiningsearchprocedurehat
leadsto predictiondfor critical pointsshouldbethe samesincethe
primitive functionshave similar behaior.

Insteadof the proposedecursve procedurefor finding the ini-
tial guessn thecommoninfluenceregion, onemayuseanintenal
searchlt shouldbeinterestingo compareheperformancef these
two approaches.

As furtherwork, we planto integratethe proposegrocedurdor
finding critical pointsinto the polygonizationprocedureproposed
by Desbruretal. andCrespinetal., in orderto guarante¢opologi-
cal correctnessf theresultingmesh.

Acknowledgments

We wish to thankthe refereedor their helpful suggestion®n the
improvementof this paper We alsothank CNPqfor grantingthe
financialsupportfor this work.

References

[1] Jamed- Blinn. A Generalizatiorof AlgebraicSurfaceDraw-
ing. ACM Transaction®n Graphics 1(3):235-256July 1982.

[2] JulesBloomenthaland Brian Wyvill. Interactve Techniques
for Implicit Modeling. ComputerGraphics(1990 Symposium
on Interactive3D Graphics) 24(2):109-116March1990.

[3] JulesBloomenthaled).Introductionto Implicit SurfacesMor-
ganKaufmann,173-1751997.

[4] AndreaBottino, Wim Nuij, and Keesvan Oveneld. How
to Shrinkwrapthrougha Critical Point: an Algorithm for the
Adaptive Triangulationof Iso-Surficeswith Arbitrary Topol-
ogy. Proceedingsof Implicit Surfaces'96, 53—73, October
1996.

[5] Berbit Crespin,PascalGuitton, and ChristopheSchlick. Ef-
ficient and Accurate Tessellationof Implicit SweepObijects.
ConstructiveSolid Geometry98, April 1998.

[6] MathieuDesbrunNicolasTsingos,andMarie-PauleGascuel.
Adaptive Samplingof Implicit Surfacesfor Interactive Mod-
eling and Animation. Proceedingsof Implicit Surfaces95,
171-185April 1995.

[7] Marie-Paule Cani-Gascueand Mathieu Desbrun. Animation
of DeformableModelsusing Implicit Surfaces. IEEE Trans-
actionson Msualizationand Computer 3(1):39-50,January
1997.

[8] Luiz Henrique de Figueiredo, JonasGomes, Demetri Ter
zopoulosandLuiz Velho. Physically-Baseiethodsfor Poly-
gonizationof Implicit Surfaces. Proceedingf Graphicsin-
terface’92, 250-257May 1992.

[9] Luiz Henriquede FigueiredoandJonasGomes.Samplingim-
plicit objectswith physically-basegarticlesystems.Comput-
ers and Graphics 20(3):365-375May 1996.

[10] JohnC. Hart. MorseTheoryfor Implicit SurlaceModeling.
Proceeding®f isualizationand Mathematics97, 1997.

[11] JohnC. Hart, Antoine Durr, and DouglasHarsh. Critical
Pointsof PolynomialMetaballs. Proceedingf Implicit Sur
faces'98, 69-76,Junel998.

[12] Marcelode G. MalheirosandWu, Shin—Ting. A Hierarchi-
cal Skeleton-basetplicit Model. Proceeding®f SIBGRAPI
'97 (Brazilian Symposiunon ComputerGraphicsand Image
Processing)65-70,0ctober1997.

[13] WolframResearchinc. htt p: // www. wol fram com

[14] JohnMilnor. MorseTheory Annalsof MathematicsStudies
vol. 51, PrincetonUniversity Press;1963.

[15] C.W.A.M. van Ovenreld andBrian Wyvill. Shrinkwrap: An
adaptve algorithmfor polygonizinganimplicit surface. Tech.
Rep.93/514/19University of Calgary, March1993.

[16] William H. PressSaulA. Teulolsky, William T. Vetterling,
and Brian P. Flannery NumericalRecipesin C, Cambridge
University Press1992.

[17] POV-RayTeam.htt p://ww. povr ay. or g/

[18] BartonT. StandeandJohnC. Hart. Guaranteeinghe Topol-
ogy of anImplicit SurfacePolygonizatiorfor Interactive Mod-
eling. SIGGRAPHI7 ConfeenceProceedings279-286 Au-
gust1997.

[19] Greg Turk. Generatingrextureson Arbitrary SurfacesUsing
Reaction-Difusion. SIGGRAPHI1 ConfeenceProceedings
25(4):289-298July 1991.

[20] Andrew P. Witkin andPaul S. Heckbert. Using Particlesto
SampleandControlimplicit Surfaces.SIGGRAPH4 Confer
enceProceedings269—-278,July 1994.

[21] Geof Wyvill, Craig McPheetersand Brian Wyvill. Data
structurefor soft objects. TheVisual Computer2(4):227-234,
August1986.



