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Abstract

Recently, thereis a trendto developefficient polygonizationtech-
niquesfor implicit surfaces,aimingat interactivemodelingandan-
imation. Oneof themostchallengingissuesfor suchtechniquesis
to ensurethematchingbetweenthetopologyof thesurfaceandthe
topologyof its polygonalapproximation.Therefore,it is important
to accuratelyextract the topologicalinformationfrom a given im-
plicit function. This canbe doneusingMorsetheory, which says
thatthecritical pointsof arealfunctionareintimatelyrelatedto the
topologyof its level sets.Previousefforts to locatecritical points
consistof eitheremploying interval searchover thedomainof the
implicit functionor trying to find themincrementallyin theneigh-
borhoodof selectedvertices.In thispaperweproposeanalternative
procedurefor a specificskeleton-basedmodel. We usethespatial
coherenceof theskeletonelementsto giveagoodfirst guessfor the
locationsof thecritical points.Newton’s methodis thenappliedto
improve theaccuracy of thesepredictions.

CR Categories: I.3.5 [ComputerGraphics]:ComputationalGe-
ometry and Object Modeling—Curve, surface, solid, and object
representations.

Keywords: critical points,implicit surfaces,Morsetheory, topol-
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1 Introduction

Implicit surfaceshave beenwidely usedin the last few yearsfor
modeling,visualization,and animation. Of particular interestis
their inherentcapabilityof representingsmoothshapeswith arbi-
trary topology. Moreover, implicit formulationsarewell suitedto
ray-tracingalgorithms.

We arefocusedon a specificmodelingtechnique,wherea sur-
faceis definedimplicitly by a skeleton. Informally, a skeletonis a
setof primitive functionswhich arecombinedto definethe shape
of anobject.Theskeleton-basedapproachprovidesa very flexible
way to modelsurfaces,whosegeometrycanbe alteredby simply
changingeither the positionor the shapeof their building primi-
tives.

However, implicit surfaceshave a drawback: they cannotbe
easily renderedat interactive ratesby ray-tracingmethods. This�
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posesacritical limitation to realtimemodelingandanimationsys-
tems.Consequently, mucheffort wasput into creatingapproxima-
tivemodels,eitherusingpunctualsamplingor polygonalrepresen-
tations.

Techniquesthatonly provide samplepointson the implicit sur-
faceareadequatefor simpleobjects.On theotherhand,for com-
plex sceneswith several overlappingobjects,meaningfulvisual-
izationbecomesmoredifficult. In this case,opaquevisualization
methodsemploying polygonalapproximationshave shown to be
moreconvenient[18].

Oneof the mostpromisingpolygonizationtechniqueswaspre-
sentedby Desbrunetal. [6, 7] andlaterrefinedby Crespinetal. [5].
It usesa loosely constrainedparticle systemto createa polygo-
nal patchin theneighborhoodof eachprimitive thatbelongsto the
skeleton. Thosepatchesare then “zippered” togetherto createa
globalmeshthatapproximatesthecorrespondingimplicit surface.

This divide-and-conquerapproachhasmany benefitsover other
polygonizationtechniques,namelyits efficiency andlocal control
over sampling. However, the topologicalcorrectnessof the final
meshcanonly beguaranteedwith additionalknowledgeaboutthe
topologyof the implicit surface. By usingMorsetheory, we can
obtainthis knowledgeby finding andclassifyingthecritical points
of theimplicit function.

In this paperwe addressthe issueof determiningthe critical
pointsof a particularclassof implicit functions. Insteadof using
a genericinterval search[11, 18] or monitoringtherateof change
of the implicit function [4], we usethe spatialcoherenceof the
skeletonelementsto predictthesitesof thecritical points.Theob-
tainedestimatesarethenimprovedby usingNewton’s method.We
show thatthesepredictionsaretight in thesensethatthey normally
convergewith few iterations.

The remainderof this paperis organizedasfollows. We begin
with relatedwork andsomebasicconcepts.Then, in Section3,
we describethe implicit modelwe worked with. In the next sec-
tion we presentour procedureto locatecritical pointsandexplain
the reasoningbehindit. Somerepresentative examplesareshown
in Section5 to illustrate the searchprocess. Finally, concluding
remarksaregiven.

2 Related Work

Givena function
�������
	��

anda realvalue � , thesetof points
��
thatsatisfy

��������� � is calledan implicit surface. Thevalue �
is namedthreshold. In fact,thissurfacecorrespondsto thelevel set
of

�
associatedwith � , thatis,


�� ��������� � � .
Althoughthefunction

�
canbearbitrary, it is typically built on

the basisof a skeleton[1, 21]. A skeletonis a setof simplepre-
definedgeometricalelements.To eachsuchelementis associated
an implicit primitive � � , which definesa scalarfield in

� �
. Be-

causeeachprimitive canbeevaluatedandmodifiedindependently,
we have control of the shapeof the surfacein the neighborhood
of eachprimitive. Hence,the skeleton-basedapproachprovidesa
conciseyetflexible framework for designingimplicit surfaces.

We candistinguishtwo basictechniquesfor interactive visual-
izationof implicit surfaces:punctualsamplingandpolygonization.



In [2], BloomenthalandWyvill suggestedthat particlesystems
could! be usedto sampleimplicit surfaces,providing simplevisu-
alizationwith cloudsof points. Later, Figueiredoet al. [8, 9] im-
provedtheideausingphysically-basedmethods.They employeda
modifiedgradientof

�
to definea vectorfield in

� �
, so that ran-

domly scatteredparticlescould move towardsa specificlevel set.
To achieve a moreuniform samplingdistribution, a mutualrepul-
sion force amongparticlescould be addedto the simulation[19].
Witkin andHeckbert[20] andDesbrunet al. [6] used,respectively,
discsandscalesinsteadof pointsto enhancethe3D perceptionof
thesamples.MalheirosandWu [12] gotsimilar resultsusingfog.

Despitethoseefforts, it is recognizedthata setof samplepoints
is not sufficient for correctlyconveying the shapeof objectsin a
complex scene[18]. Polygonalapproximationsarestill moread-
equatefor the visualizationof elaboratemodels,which can take
advantageof hiddensurfaceremoval techniques.

Several techniquesfor the polygonizationof implicit surfaces
havebeenproposed[3], but only few of themensurethetopological
correctnessof theresultingmesh.Of particularinterestfor usis the
work of Bottino et al. [4] andHart et al. [11, 18]. The foundation
of theirwork is providedby Morsetheory.

Morsetheorywasdevelopedin theearlysixtiesby Milnor [14].
It establishestherelationshipbetweenthecritical pointsof

�
on a

manifold " andthehomotopy typeof " . Moreover, it statesthat
thetopologicalchangeson thelevel setsof

�
occuronly at critical

points[10].
A critical point of a realfunction

�
is a point #� whosegradient

vanishes,thatis,$���� #���%�&�'��(�� #���*)+��,-� #���*)+��./� #���0�1�3254
The value

��� #��� of the function at a critical point is called a
critical value.

TheHessianof
�

is definedastheJacobianof its gradient,67�����8�:9%�;$��������0�%�=< � (�( �����>� (�, �����?� (�. �������,@(A�����B��,C,D�����B��,C./������ .E( �����F� .*, �����F� .*. �����HG 4
A valueof I , for which

�'67������J IAK �MLN�32
hasasolution

L�O�2
, is calledan eigenvalueof

67�����
. The correspondingsolutionsLPO��2

arecalledeigenvectors of
67�����

.
Eachcritical point canbe classifiedby analyzingthe eigenval-

uesof its Hessian.Givenacritical point #� , we canobtainthethree
eigenvalues Q �SR QUT R Q � of

67� #��� . If at leastone of them is
zero,thepoint is saidto bedegenerate. Otherwise,it is callednon-
degenerate, andwemaycharacterize#� by thesignsof its eigenval-
ues: Q � QUT Q � classification

- - - maximum
- - + 2-saddle
- + + 1-saddle
+ + + minimum

Let us illustrate this conceptwith a height field definedby a
scalarfunctionover

� T , depictedin Figure1a. Becausethis func-
tion hastwo variables,its Hessianis a 2 by 2 matrix andthereare
threetypesof critical points: maximum(a peak),saddle(a val-
ley), anda minimum. Observe that eachlevel setof this function
correspondsto a curve, and the topologyof thesecurves change
as the critical valuesarepassed(Figure1b). At eachsuchvalue
the associatedlevel curve presentsa singularity. In this case,at
the level correspondingto themaxima,eachcurve is reducedto a
point; andat the onecorrespondingto the saddlepoint, thereis a
self-intersectingpointon thecurve.

An analogoussituationoccursfor thefunction
�

, definedin
� �

.
In thiscase,eachlevel setis aclosedsurfaceimmersedin

� �
. The

(a) (b)

Figure1: A two-variablescalarfunctionshow asa heightfield (a)
andslicedto revealsomelevel sets(b).

topologyof a given level setcanbe determinedby comparingits
thresholdwith thecritical valuesof

�
. Therefore,thekey point for

guaranteeinga topologicallycorrectpolygonizationof an implicit
surfaceis to locatethecritical pointsof its associatedfunction.

Bottino et al. [4] generalizedthe shrinkwrap technique[15] to
handletopologychanges.For constructinga polygonalapproxi-
mationfor an implicit surfaceof level ��V , the methodstartscon-
structinga tessellationfor thesetassociatedwith a lower level � � ,
nearzero.Accordingto their implicit functiondefinition,this level
setis approximatelya spherewith large radius,which canbeeas-
ily triangulated.Themethodthenproceedsby creatingsuccessive
approximationsfor the intermediatelevel setswith the threshold
incrementedby W��
XSY , until thefinal value ��V is reached.

For eachnew level set, the meshis updatedby displacingthe
verticeson the surfaceandsubdividing edgeswhenthe local cur-
vatureis high. To handletopologicalchangesbetweentwo con-
secutive level sets,the techniquesearchesfor critical pointsin the
neighborhoodof eachvertex. Also, to avoid unnecessarycom-
putations,a formula wasproposedfor trivially excluding the ver-
ticeswhoseneighborhooddoesnot containcritical points.There-
mainingverticesarethenemployed asfirst guessesfor Newton’s
method[16] to find possiblecritical points.After all nearbycritical
pointsarefound,theappropriatetopologicalchangeon themeshis
performed,basedon theeigenvaluesof theHessianat thosepoints.

StanderandHart [18] proposedanalternative approach,named
inflation, wheretheapproximationsarebuilt astheinitial threshold� � decreasesto alowervalue � V . Thevalue � � is chosento behigher
thanany valuegivenby thefunction

�
, so that the initial level set

is empty. Differently from themodifiedshrinkwrapalgorithm,all
critical pointsaredeterminedat theinitial step.Their approximate
sitesare obtainedby an interval subdivision algorithm, and then
improvedby aninterval Newton’s method.

While thethresholddecreases,severalcritical valuesarepassed,
and the correspondingchangesof topology are reflectedin the
polygonalmesh.Thefollowing sequenceof critical pointsoccurs:
maximums,2-saddles,1-saddles,andminimums.This meansthat
first the thresholdwill passthe critical valueof a maximumpoint
(a new componentwill be created).Then,it will passthe critical
valueof a 2-saddle(two componentswill merge)beforeit reaches
the critical valueof a 1-saddle(a hole is filled). Finally, it passes
thecritical valueof aminimum(anair bubbleis popped).

In [11], Hart et al. appliedtheprevious techniqueon primitives
with local support.Furthermore,for efficiency reasons,they used
standard3DNewton’smethodto improvetheestimatedsitesof crit-
ical points.



3 Our Implicit Model

Ourmodelconsistsof acollectionof Z unweightedsphericalprim-
itivesin

� �
. Theimplicit function

�[�D� � 	\��]
is givenby�������8�_^` � �a� �����*) (1)

where � � is a real functionassociatedwith the primitive bc� . This
primitive is centeredat thepoint d � ��e � )gf � )+h � � , with positive influ-
enceradius ia� . We call a region of influenceK�� of bj� theregion in���

whereits influenceis non-zero,thatis,K�� �lk��nmH� � �poE�qJ d�� osr ia�ut 4
The commonregion of influencevjwax x x y is definedasthe setof all
points that have influenceof the sameprimitives b � , where z mk*{|)�4C4@4C)+} t . In particular, whenaprimitive is isolated,vs� � K�� .

The real function �a� dueto the primitive bc� is obtainedby the
compositionof ~ with � � :� � �����8� ~s����� � ~ � ��� �����0�*)
where ��� and ~ arenamed,respectively, theshapeanddecayfunc-
tions.

Theshapefunction ��� �5� � 	�� ]
of bc� takesinto considera-

tion theassociatedinfluenceradius,andgivesthesphericalappear-
anceof theprimitives: ��� �����%� oE�qJ d�� oia� 4

(2)

Thedecayfunctioncontrolstheamountof influencegivenby a
primitive asthe distancefrom it increases.The function adopted
wassimultaneouslyproposedin [3] and[12], andis expressedby~ �U�+�1��� �g�cJ�� T � � ) if Y R � R �Y ) otherwise

4
(3)

Notethat ~ is invertiblein theinterval [0,1]:~ ��� �U�0�%�[� �cJ��� �@4
Fromthesedefinitions,our function �a� hassomeniceproperties.

It ismonotonicallydecrescentas
oE�jJ d � o increasesin theinfluence

region of bc� , andvanisheswhen
o*�NJ d�� o�� ia� . Moreover, asit

is � T continuous,this functionprovidessmootherappearancethan�
� or � �
continuouskernels(Figure2).

Figure 2: Two primitives with � � (left), � �
(middle), and � T

(right) kernels.

4 Estimates for Critical Points

In this sectionwe describeanalgorithmfor finding a critical point
dueto theinfluenceof Z sphericalprimitives.Insteadof isolatinga
critical point in a smallenoughrefinementregion [11], we stepit-
eratively towardto it. In thisway, wemayavoid ambiguities(when
thereis morethanonecritical point in thesameregion)andnumer-
ical convergenceproblems.

4.1 Iterative Procedure

ConsiderZ primitives b � . Thecritical pointscanbelocatedby the
following procedure:

1. (Maximums)For eachprimitive b � , with centerd � :
(a) Attributeinitially theprediction #� � � d � .
(b) Validate #� � , by verifying whetherit is insidethe influ-

enceregion of primitives other than the onesalready
considered. If not, a maximumhas beenfound and#� � � #� � .

(c) Updatetheprediction,by consideringthecontributions
of all primitives that have non-zeroinfluenceat this
point. Useastheseedfor Newton’s methodtheold #� � .
Go to step1b.

2. Constructanincidencegraph:theverticesrepresentthemax-
imums(andthecorrespondingprimitives)andtheedges,the
commoninfluenceregionsfor eachpairof maximums.

3. (2-saddles)For eachedgez { in thegraph:

(a) If avertex, z or
{
, denotesagroupof primitives,choose

all pairsof primitives from both groupswhich have a
commoninfluenceregion.

(b) Foreachpair, computetheprediction #� � w with Newton’s
methodusingasinitial guessthepoint �d � w givenby�d�� w �&� i wia�A��i w � d��p� � ia�ia����i w � d w 4 (4)

If themethodfailsor doesnotconvergeto a2-saddle,a
new guessis chosenon thebasisof thepreviousone.

(c) Validate #� � w , by verifying whetherit is inside the in-
fluenceregionof primitivesotherthantheonesalready
considered.If not,acritical pointhasbeenfound:make#� � w � #� � w andgo to step3e.

(d) With Newton’smethodimprove #� � w , by consideringthe
contributionsof all primitivesthathave non-zeroinflu-
enceat thispoint. Go to step3c.

(e) Determinetheclassificationof #� � w , on thebasisof the
eigenvaluesof its Hessian.

4. Updatethe incidencegraphby removing the edgesbetween
two verticesthat have critical pointsof type other thana 2-
saddle.

5. Assignasa cycle in the incidencegrapheachnon-collinear
andclosedsequenceof verticeswhosecorrespondingprimi-
tiveshaveacommoninfluenceregion.

6. (1-saddles)For eachcycle � in thegraph:

(a) Computetheprediction #� � usingNewton’s method.If
the2-saddlesthatsurroundthecommonregion v �

are
inside it, usetheir barycenteras the seed. Otherwise,
replacethe2-saddlesby pointson theborderof v �

and
usethe barycenterof themasthe seed. If the method
fails or doesnot converge to a 1-saddle,a new seedis
chosenon thebasisof thepreviousone.

(b) Validate #� � , by verifying whetherit is insidethe influ-
enceregion of primitives other than the onesalready
considered.If not,acritical pointhasbeenfound:make#� � � #� � andgo to step6d.



(c) With Newton’s methodimprove #� � , by consideringthe
contributionsof all primitivesthathave non-zeroinflu-
enceat thispoint. Go to step6b.

(d) Determinethe classificationof #� � , on the basisof the
eigenvaluesof its Hessian.

7. Assignasa supercycle in the incidencegrapheachsetof cy-
cleswhoseprimitivesbuild a non-coplanarconfigurationand
haveacommoninfluenceregion.

8. (Minimums)For eachsupercycle � in thegraph:

(a) Computetheprediction #�-� usingNewton’s method.If
the1-saddlesthatsurroundthecommonregion v � are
insideit, usetheir barycenteras the seed. Otherwise,
replacethe1-saddlesby pointson theborderof v � and
usethe barycenterof themasthe seed. If the method
fails or doesnot convergeto a minimum,choosea new
seedonthebasisof thepreviousoneandrepeatthepro-
cedure.Otherwise,make #� � � #�-� .

9. End.

4.2 Analysis

We canperformthe trackingof a critical point of
�

basedon the
factthat

�
is � T continuous.

Whenthe influenceregionsdo not overlap,we have in eachre-
gion v�� only theindividual contribution dueto theprimitive at the
point d � �&��e � )0f � )0h � � :� � ��e�)gfp)+h/�%�&�g�cJ ��e�J�e � � T � ��f�J�f � � T � �'h
Jnh � � Ti T� � � 4
Thegradient

$ � � ��e�)gfp)+h/� only vanishesat d � . Because� � is mono-
tonicallydecrescentinsidetheinfluenceradiusia� (aswemoveaway
from its center),d�� is themaximumof �a� in vs� .

The sum of two or more individual functions � � , which are
monotonicallydecrescentfrom their centersandwhosecentersare
aligned,is eithermonotonicallydecrescentor “wavy”. In thefirst
case,theold maximumshavecollapsedinto anew one(Figure3a);
in the secondcase,we have a 2-saddlebetweentwo maximums
(Figure3b). Note thatwe denotethegroupof primitivesthatcol-
lapseinto amaximumwith asinglevertex in theincidencegraph.

(a) (b)

Figure3: Thesumof two monotonicallydecrescentfunctions.

To build a 2-saddle,two primitives bc� and b w aresufficient, if
they areplacedin suchawaythatin theircommoninfluenceregionvs� w oneof the functionsis crescentandthe other, decrescent.In
thiscase,thereis apoint �d�� w where�g�cJ o �d � w J d � o Ti T� � � � �g��J o �d � w J d w o Ti Tw � � )
from whichweobtainEq.(4).

We observed that thereis a point between �d � w andthecenterof
theprimitiveof greaterinfluenceradius,where� �/��� w changesbe-
havior, from monotonicallydecrescent(“descending”from d � ) to
crescent(“climbing” towards d w ). This occursalongthedirectiond��'d w (Figure4). In a particularcase,when ia� � i w , this 2-saddle
coincideswith �d � w . Hence,unlessthereareindividualcontributions
in otherdirections,weonlyhavetwo classesof critical points:max-
imumsand2-saddles,alternatively.

PSfragreplacements

����
�-� ��-� �¢¡£ �¤� �-�

Figure4: The2-saddlebetween �d�� w andthecenterof theprimitive
of greaterinfluenceradius,d w .

Thisgeometricinsightwasusefulfor choosingNewton’smethod
for finding the 2-saddles,sincethereis at mostonecritical point,#� � w , between#� � and #� w . Using �d � w asthefirst guess,the method
shouldconverge rapidly eitherto a maximum, #� � or #� w , or to the
2-saddle, #� � w . When a maximum,say #� � , is sentas a solution,¥�¦*§ 67� �d�� w � and

¥-¦@§ 67� #� � � have the samesign (Figure4). Then,
wemaypick d �� w � �d�� w �[#� w¨
asanotherinitial guess.In mostcases,only two triessuffice. How-
ever, if this secondpoint leadsto #� w , onemoretry withd T� w � �d�� w ��d �� w¨
shouldbe sufficient to get a correctguessfor #� � w . Figure5 illus-
tratesthisproceduregeometrically.
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Figure5: Theimprovedsearchfor thefirst guessof a2-saddle.

Onemayarguethat �d�� w could lie neara maximumsuchthat its
gradientnearlyvanishesandNewton’smethodfails. To remedythis
situation,weusethemidpointof d��;d w asanotherattempt.

A 1-saddlerequiresone seconddirection, I , along which
�

alsoincreasesfrom this critical point. As our individual functions
are monotonicallydecrescentfrom their centers,at least3 non-
collinearprimitives, bc� , b w , and b�y , arenecessaryto createthis
valley configuration. The critical point must be surroundedby a
“ring” of maximumsand2-saddles,suchasa valley is surrounded
by mountainsandhills. Therefore,we look for 1-saddlesonly in
theregionsenclosedby maximumsand2-saddles.Analogouslyto
the2-saddles,we useastheinitial estimatea point in thecommon
influenceregions v � w@y of thoseprimitives.



In practice,we usethe barycenter �d�� w@y of the surrounding2-
saddles,± #� � w , #� w@y , and #� � y . If a2-saddleis not inside v � w@y , say #� � w ,
it is replacedby the point,

� �� w , on the borderof v
y in the direc-
tion of its correspondingeigenvector. This ensuresthatwe always
choosea point with a “lower functionvalue”. When

¥�¦@§ 67� #� � w@y �
and

¥�¦@§ 67� �d�� w@y � have differentsigns,Newton’s methodwill lead
to a 2-saddle.We may, however, do anotherattemptwith a new
barycenter, after replacingtheconverged2-saddleby theprevious
barycenter. This is donerecursively until themethodconvergesto
the1-saddle.In mostcases,two triesareenoughto get thecorrect
initial estimatefor #� � w@y . Figure6 depictsgraphicallythis idea.
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Figure6: Theimprovedsearchfor thefirst guessof a1-saddle.

We maygeneralizethis procedureby supposingthat Z coplanar
(but non-collinear)primitivesbuild oneclosedsequenceof max-
imums and 2-saddles. Then, we use as the initial estimatefor
the1-saddlethebarycenterof all 2-saddlesor their corresponding
pointson the borderof the commoninfluenceregion. Becauseof
the monotonicbehavior of our function, thereis only onecritical
point, namely1-saddle,insidethe commoninfluenceregion of Z
primitives,if:

1. theseprimitivesbuild oneclosedsequenceof maximumsand
2-saddles;and

2. the 2-saddlesareeither insidethe commoninfluenceregion
or havecorrespondingpointson theborderof this region.

We canconstructa minimum by imposingthat
�

increasesin
any radial directionstartingfrom it. Geometrically, this is equiv-
alentto having in the neighborhoodof the minimum “spatial val-
leys” that togetherbuild an“air bubble”. A minimal configuration
thatsatisfiesthisrequirementconsistsof 4 non-coplanarprimitives.
We searchfor a minimumin a similar way to whatwasdonefor a
1-saddle.It mustbeinsidethecommoninfluenceregionof Z prim-
itiveswhose1-saddlesarenotcoplanar. Moreover, thesesaddlesor
their correspondingpointson theborderof thecommoninfluence
region mustbelongto this region. We usethebarycenterof these
pointsasthe initial estimateto theaimedminimum. If it fails, we
maygeta goodfirst guesswith a proceduresimilar to theonethat
weusedto find outacorrectestimatefor an1-saddle.

5 Examples

To illustratethemethodproposedin Section4.1,wepresentin this
sectionsomerepresentativeexamples.Thenumericalcomputations
werecarriedout in Mathematica[13] andtheimageswererendered
by our customizedversionof thePOV-Raypackage[17].

Firstly, we consider a real function defined by four primi-
tives with the sameunitary influenceradius,and with centersatd � (0.41,0.41,0.41),d T (0.41,-0.41,-0.41),d � (-0.41,0.41,-0.41),andd�´ (-0.41,-0.41,0.41).We show how the critical pointscanbe ob-
tainedstepwise. The initial prediction(estimate)of eachcritical
point ( #� ), the indicesof primitiveswhoseinfluencecoversit (inf),
andthenumberof iterationsnecessaryto converge(it) aresumma-
rizedin thefollowing tables.

1. Maximums: The primitive centerswere usedas estimates
for themaximums.Becausethereis no influencefrom other
primitives,themaximumscoincidewith thecenters,all hav-
ing thesamecritical value

�
.µ

estimate inf
¡£ � it

1
��¶

1 (0.41,0.41,0.41) 0
2

��·
2 (0.41,-0.41,-0.41) 0

3
� � 3 (-0.41,0.41,-0.41) 0

4
�-¸

4 (-0.41,-0.41,0.41) 0

2. Incidence graph: To eachprimitive z m¹kD�º) ¨ )+»¼)+½ t is as-
sociatedone maximum. Therefore,we needfour nodesto
representthem. Due to the symmetricconfiguration,these
primitiveshavemutualinfluences.This leadsto thefollowing
incidencegraph.

1

2

3

4

3. 2-saddles: Eq. (4) was usedto get the initial estimatefor
eachpair of primitivesthathave a commoninfluenceregion.
Again, becauseof the symmetryof the configuration,all 2-
saddleshave thesamecritical value Y 4 ¾º¿/¾ Y .µÁÀ

estimate inf
¡£ � � it

12
��A¶;·

1,2 (0.41,0,0) 0
13

��A¶ � 1,3 (0,0,-0.41) 0
14

��A¶ ¸
1,4 (0,0.41,0) 0

23
�� · � 2,3 (0,0,0.41) 0

24
�� · ¸

2,4 (0,-0.41,0) 0
34

�� � ¸ 3,4 (-0.41,0,0) 0

4. Update the incidence graph: As every critical point found
in an influenceregion v�� w is a non-degenerate2-saddle,no
updateon theincidencegraphis necessary.

5. Cycles in the graph: In this casewe have four closedse-
quencesof nodesin our graph. They correspond,respec-
tively, to thesetsof primitives

k
1,2,3t , k 1,3,4t , k 2,3,4t , andk

1,2,4t , asdepictedin thegraphbelow.

1

2

3

4

6. 1-saddles: In this case,thebarycenterof eachgroupof three
2-saddleslies insidethe commonregion of threeprimitives,v � w@y . Therefore,we usedit asthe first attemptto get the 1-
saddles.Fortunately, Newton’smethodconvergedto pointsof
this typeandno furtherestimationsin thedirectionof eigen-
vectorswerenecessary. Thecorrespondingcritical valuefor
each1-saddleis Y 4 ¾ Y ¾ºÂ .Ã estimate inf ¡£-Ä it

123 Å ¡£ ¶'·�Æ ¡£ · � Æ ¡£ ¶ �EÇ;È@É 1..4 (0.125,0.125,-0.125) 2
124 Å ¡£ ¶'·�Æ ¡£ · ¸ Æ ¡£ ¶ ¸ Ç;È@É 1..4 (0.125,-0.125,0.125) 2
134 Å ¡£ ¶ � Æ ¡£ � ¸ Æ ¡£ ¶ ¸ Ç;È@É 1..4 (-0.125,0.125,0.125) 2
234 Å ¡£ · � Æ ¡£ � ¸ Æ ¡£ · ¸ Ç;È@É 1..4 (-0.125,-0.125,-0.125) 2



7. Supercycle in the graph: Only with theprimitivesof all four
cycleswe wereable to definea minimal non-coplanarcon-
figuration. Therefore,we group thesefour cycles into one
supercycle,asshown below.

1

2

3

4

8. Minimums: Again,becauseof thesymmetry, we canuseas
estimatefor the minimum the barycenterof the four previ-
ouslyfound1-saddles.Its critical valueis Y 4 ½|¿/Ê ¨ .Ë estimate

¡£-Ì it
1234 Å ¡£ ¶;· � Æ ¡£ ¶;· ¸ Æ ¡£ ¶ � ¸ Æ ¡£ · � ¸ Ç;È*Í (0,0,0) 0

9. End.

From the critical valuesfound above, it is easyto characterize
thetopologyof the implicit surface


 �
for distinctvaluesof � . As

therearefour distinctcritical values,fivetopologicalconfigurations
canbecharacterized(Figure7).

no components Ã%ÎHÏ
4 components Ð Ñ Ò@Ó@ÒEÐÕÔ Ã8Ö×Ï

1 componentwith 4 holes Ð Ñ Ò*Ð@Ò@ØcÔ Ã8Ö ÐºÑ Ò@Ó*Ò*Ð
1 componentwith 1 bubble Ð Ñ Í Ó*Ù@ÚcÔ Ã8Ö ÐºÑ Ò*Ð@Ò@Ø

1 filled component Ð�Ô Ã1Ö ÐºÑ Í Ó@Ù@Ú

Figure7: Symmetricconfiguration: � =0.7 (top left), � =0.55 (top
middle), � =0.5(top right) andslice(bottomleft), and � =0.45(bot-
tommiddle)andslice(bottomright).

To illustratea situationwhereNewton’s methodmay fail with
the initial estimategiven by Eq. (4), we analyzeda function de-
finedby two primitiveswith influenceradiusi � =2 and i T =3. They
arecentered,respectively, at d � (0,0,0)and d T (2,1,0).Althoughthe
methoddivergeswith ourfirst estimate,weknew thattheremustbe
a 2-saddlebetweentwo maximumsfrom theexistenceof thecom-
mon influenceregion v � T . Then,an attemptwith a new �d�� w was
carriedout. In thesecondtry, we wereableto locatethe2-saddle
after 2 iterations. Figure8 shows the implicit surfaceassociated
with � =0.9138. Note that thereis a singularityin the surfacethat
correspondsto the2-saddlefoundin

�
. Thenext tablesummarizes

thecritical pointsfound.

point class position crit. value it¡£ ¶ maximum (0.278,0.139,0) 1.1327 2¡£ · maximum (2,1,0) 1 0¡£ ¶;· 2-saddle (1.338,0.669,0) 0.9138 2

Figure8: A two primitiveconfiguration,with � =0.9138.

Anotherinterestingexampleis shown in Figure9. It containsa
sharedmaximumcreatedby two primitives.It alsoshowsthateven
whentherearecommonregionsof influenceof threeprimitives,the
existenceof a 1-saddlecannotbeassured.Moreover, this example
illustratesthat not always we have a 2-saddlebetweena pair of
primitives.Theparametersfor thisconfigurationare: i � =2, i T =2.6,i � =3.5, i ´ =1.5, d � (0,0,0), d T (4,0,0), d � (2,1,0),and d ´ (2,0.5,1.5).
Thetablebelow lists thecritical pointsobtainedwith our method.
Note that the critical points #� � T and #� � ´ do not exist, dueto the
influenceof b � .

point class position crit. value it¡£ ¸ maximum (2.007,0.557,1.317) 1.5508 2¡£ ·°Û ¡£ � maximum (2.445,0.278,0) 1.3260 3¡£ ¶ maximum (0.290,0.145,0) 1.2686 2¡£ · ¸�Û ¡£ � ¸ 2-saddle (2.618,0.526,0.496) 1.1234 4¡£ ¶ � 2-saddle (1.454,0.727,0) 0.9506 4

Figure9: A four primitive configuration,with � =1.1234(top left),� =1.05(topright), � =0.9506(bottomleft), and� =0.8(bottomright).

Figure10 exemplifiesa situationwhereonly onemaximumis
associatedto several primitives: four primitiveswith radius i � =1,i T =0.5, i � =0.4, and ia´ =0.4, centeredat d � (0,0,0), d8T (0.6,0,0),d � (0.4,-0.21,0),and d ´ (0.4,0.21,0). In this case,thereare three
primitivesthatbuild asinglemaximum.Hence,ourincidencegraph
is constitutedby two nodes.Onecorrespondsto a“enlarged”primi-
tiveandtheotherto b � . Observethatin thiscasewecouldsuccess-
fully distinguishtwo critical pointsthatarevery close,asattested
in the following table. Also, asexpected,the2-saddlesandmaxi-
mumssurrounda1-saddle.



point class position crit. value it¡£ · Û ¡£ � Û ¡£ ¸ maximum (0.4367,0,0) 1.9770 8¡£ ¶ maximum (0,0,0) 1 0¡£ ¶ � 2-saddle (0.0841,-0.044,0) 0.9817 3¡£ · ¸ 2-saddle (0.0841,0.044,0) 0.9817 3¡£ ¶'· � Û ¡£ ¶;· ¸ 1-saddle (0.100,0,0) 0.9788 5

Figure10: A four primitive “valley” configuration,with � =1.4(top
left), � =0.997(topright), � =0.9817(bottomleft), and� =0.9(bottom
right).

We presentin Figure 11 a configurationmade of six prim-
itives with the sameunitary influenceradius. The centersared � (1.1,0,0), d T (0.55,0.9526,0),d � (-0.55,0.9526,0),d ´ (-1.1,0,0),d8Ü (-0.55,-0.9526,0),and d�Ý (0.55,-0.9526,0),building a ring. It is
interestingto notethatthereis no1-saddle,althoughthemaximums
and2-saddlesbuild aperfectcycle in

� �
. This is expected,asthere

is nocommoninfluenceregion for thesesix primitives.

point class position crit. value it¡£ ¶ maximum (1.1,0,0) 1 0¡£ · maximum (0.55,0.9526,0) 1 0¡£ � maximum (-0.55,0.9526,0) 1 0¡£ ¸ maximum (-1.1,0,0) 1 0¡£¼Þ maximum (-0.55,-0.9526,0) 1 0¡£¼ß maximum (0.55,-0.9526,0) 1 0¡£ ¶;· 2-saddle (0.825,0.476,0) 0.6787 0¡£ · � 2-saddle (0,0.953,0) 0.6787 0¡£ � ¸ 2-saddle (-0.825,0.476,0) 0.6787 0¡£ ¸ Þ 2-saddle (-0.825,-0.476,0) 0.6787 0¡£ ÞMß 2-saddle (0,-0.953,0) 0.6787 0¡£ ¶ ß 2-saddle (0.825,-0.476,0) 0.6787 0

Figure11: A six primitive configuration,with � =0.6787(left) and� =0.001(right).

Finally, we show a more involved examplein Figure12. The
femaletorsoshown on thetop is madeof 22 primitives,with radii
varyingfrom 0.9 to 7.5 unitsandwith thresholdequalto 0.9. The
positionsof theseprimitivesarepresentedin themiddleof thefig-
ure. Finally, with our proposedprocedurewe could successfully
determinethe critical pointsandgeneratethe interestingsurfaces
presentedat thebottom.

point class position crit. value it¡£-à maximum (0,6.435,-0.708) 3.2530 8¡£-á maximum (-1.382,6.318,0.057) 3.1774 8¡£-â maximum (1.382,6.318,0.057) 3.1774 8¡£-ã 2-saddle (-1.003,6.359,-0.245) 3.1690 7¡£-ä 2-saddle (1.003,6.359,-0.245) 3.1690 4¡£�å maximum (-2.322,6.036,1.607) 2.8077 3¡£-æ maximum (2.322,6.036,1.607) 2.8077 3¡£-ç maximum (-2.150,-2.354,-1.713) 2.6602 3¡£-è maximum (2.150,-2.354,-1.713) 2.6602 3¡£�é 2-saddle (-2.146,6.113,1.212) 2.6293 4¡£�ê 2-saddle (2.146,6.113,1.212) 2.6293 4¡£-ë�ì 2-saddle (0,-1.376,-1.613) 1.7683 3¡£¼í 2-saddle (0,1.268,-0.778) 1.6248 2

Figure 12: A female torso, with � =0.9 (top left and top right),� =1.7683(bottomleft), and � =1.6244(bottomright).

6 Conclusions

We presentedan algorithm that determinesefficiently good first
guessesfor thecritical pointsof askeleton-basedimplicit model.



Under the constraintsthat the primitivesareunweightedpoly-
nomialî functionswith monotonicallydecreasingcontributions,we
showedthata tight initial guessmaybeachievediteratively by an-
alyzing the positional relationshipamongthe primitives. In our
numericalexperimentationwith theseestimates,we realizedthat
Newton’s methodconvergesin lessthanfour iterationsin mostsit-
uations.Furthermore,oncewe look for thecritical pointsdirectly
in their neighborhood,we could overcomethe problemof “f alse
critical points”reportedin [11], withoutany numericalassumption.

Althoughouralgorithmwasconceivedfor aclassof unweighted
primitive functions,we believe that it alsoworkswell for positive
weights. Slight modificationsto Eq. (4) maybe necessaryto take
theseweightsintoconsideration.Therefiningsearchprocedurethat
leadsto predictionsfor critical pointsshouldbethesame,sincethe
primitive functionshave similarbehavior.

Insteadof the proposedrecursive procedurefor finding the ini-
tial guessin thecommoninfluenceregion,onemayuseaninterval
search.It shouldbeinterestingto comparetheperformanceof these
two approaches.

As furtherwork, weplanto integratetheproposedprocedurefor
finding critical pointsinto the polygonizationprocedureproposed
by Desbrunetal. andCrespinetal., in orderto guaranteetopologi-
cal correctnessof theresultingmesh.
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