An approximation for Normal Vectors of Deformable Models
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Abstract. A physically-based deformable model proposed by Terzopoulous et al. is governed by the Lagrange’s
form, that establishes the relation between the dynamics of deformable models under the influence of applied
forces. The net instantaneous potential energy of deformation is derived on the basis of the geometric properties,
namely the first and second fundamental forms. For simplicity, the normal vector at each sample point is approxi-
mated by the second derivative. In this paper we present another approximation for the normal vector which offers
better visual simulation. Some comparisons are given.

1 Introduction cluded that, even when the compatibility equations are sat-

L . isfi nrealisti formin haviors concerning with bend-
We may distinguish two types of movement for an object. sfied, unrealistic defo gbehaviors concerning with bend

. ; . o . ing may be yielded.
The first type involves changes in position of points such Attracted by the potentiality of the model in provid-
that all metric properties, e.g. length, angle, area and vo-.

) . ing a more intuitive interface to the users, we decided to
lume of the object are preserved. The second type involves g

. ) " : . _“Investigate more carefully the approximation of the compo-
changes in the relative position of at least a pair of points g y PP b

which mav lead to local deformation of shape. We sav that nents of the metric tensor and the components of the curva-
mayieacto [ . pe. Y ture tensors presented by Terzopoulos et al. in [12]. These
an object isrigid, if it only suffers the first type of move-

ment: otherwise. we sav that itdeformable components require approximations to the normal vector,
! ' y the first and the second derivatives. For reducing the par-
Terzopoulos et al. [12] proposed a deformable surface

model which relates the Laaranaian motion eqauation with tial differential equation of motion into a system of linear
. grang qt equations, the normal vectors are replaced by the second
the metric and curvature tensors of the deforming surface.

) . derivatives and finite differences are applied for the deriva-
The metric tensors measure the deforming surface StretCheﬁves. From our analysis, the direction of the normal vector

and/or shears and the curvature tensors that give us the amqy g} is of fundamental importance in modeling the bending
that a surface bends or twists while it is deforming. From behavior, and the direction of second derivatives are seldom

it:|s Wrﬁy' tr?e ?]h\yv?t'ﬁatlhquagr?ﬁls are ?eorEetnfzr-:rd I I—:;zncbe, coincident. This motivated us to present a more precise, but
compariso € existing approaches for cloth ob- still linearizable, formula for the normal vectors.

jects[1, 6, 13, 14], we believe that it is a potential candidate The paper is organized as follows. In section 2 some

goéfgrrr:(;gglnv:@émf more intuitive to use and has realistic basic concepts of Differential Geometry are presented. To
Horta and Wu ' 81 perceived. however. that it is dif- be self-contained, the model proposed by Terzopoulos et
(8l p ! ’ al. is summarized in section 3 and we show some visual ef-

f|cu!t fo obtain with the r.“e”“O”ed quel a deformmg be- fects of the deformation of surfaces that have big resistance
havior for a surface which has a resistance against bend-

. X to bending — the motivation of this work. A new appro-
:‘?gm Eirqgike:na:héltlzz)r:rt‘glj%?t tLheatréTaetigrzcs)EIient]):t\?vr:aV:r? ximation for the normal vector is given in section 4. For
the metric and curvature tensors while the sur:face is de_comparison purpose, some new simulation results are pre-
. ; .. sented in section 5. Finally, in section 6, some concluding
forming. The metric and curvature tensors must satisfy
. S . . remarks are drawn.
certain compatibility differential equations known as Gauss
and Mainardi-Codazzi equations of surface theory [3, 9].
Nevertheless, from their exhaustive experiments, they con-



2 Concepts

To be self-contained some fundamental concepts necessary
for understanding this paper are given [3, 9].

A surfaceS may be specified in terms of parametric
equations of the formy; = x;(a1,a2) (i = 1,2, 3), where
x; are rectangular Cartesian coordinates of a pBinh the
surfaceS anda; (j = 1,2) are parameters. \We assume
that the functions; (a;, a2) are single-valued and continu-
ous and also require that they possess as many derivatives
as may be required. The position vecfomwith rectangu-
lar Cartesian componenis, at P may be expressed as a
function of the parameteks;, where these parameters are
usually called curvilinear coordinates on the surfdce

Let ©:Q — R? be a regular surfacé given by
f(a1,a2) = (z(a1,a2),y(a1,a2),2(a1,a2)), ar,a2 € Q.
As we have Figure 1: No resistance to metric variation and to curving.
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daz, @) Eg. (5) is calledsecond fundamental forior curva-

ture tensorand the elements;; are callecturvature coeffi-
the squared length of an arc in curvilinear coordinates cancjents Sinced?(¥)/day.0a, = 82()/das.day, it follows

be expressed by thatB;» = B»,. The plane that passes throuBhe S and
N coincides with.* OF and 2= is caIIedtangent plando S at

Roughly speaking, the coefficier(’rsj of the first fun-
damental form are related to the measures of an arc length,
where oF oF angles, and areas on a surface (metric tensor), whereas the

Gi;(T(@)) = . (3) second fundamental forf;; describes how the curveson a
Oa; Oa; surface bend and/or twist (curvature tensor). The metric and

Eq.(2) is known adirst fundamental formor metric the curvature tensors are not independent: they must satisfy
tensorand the element§;; are calledmetric coefficients certain compatibility differential equations known@auss
Since the inner product is symmetric, one may conclude andMainardi-Codazzi equationsf surface theory.

i=1 j=1

thatG12 = Ga. Sinced(ii) /0a; andd(il)/da, at P belong toT'p(S),
Thecurvatureat a given point in any curve measures we may also write
the amount of variation of the tangent’s direction at that oi oF oF
point from the tangents of its neighborhood. Tiermal S d“a + dZZa vi=1,2, (7)
curvatureof a pointP that lies on a curv€’ of a surfaceS ¢ @2
is given by where
k, = kcos#, (4) 4 = Bi2G1a — Biin;c i—1lk=20ri=2k=1
wherek is the curvature of” in P and# is the angle be- G11G2 — (Gi2)
tween the vector normal t6' and the vector normal tg, dij = BjjGiz — Bi2Gjj i (8)
in P. G11G22 — (G12)?
It can be shown that d;; are known asVeingarten coefficients
5 9 If S is orientable, it is possible to assign to each point
k, = Z Z Bijda;da;, (5) a natural basis given by the vectéi) /0a, ando(r)/das
P andd. By expressing the derivatives of(r)/da, and

0(f) /Oay in the basid(r) /0a,, O(TF) /a2, i}, we obtain
where the formulae of Gauss

By (F(&)) = s o (6)

o0°r or
= Fk— Bi'ﬂa -7 .:1721 9
8ai.8a]~ Z k + it ( )

_Or  or
8(11'8&2 *

with i = (25 x 25 ) /‘
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Figure 2: Resistance to metric variation and no resistance mij =3.0x 1077 mij = 1.0 x 107
to curving.
Figure 3: No resistance to curving and resistance to metric
. variation.
wherel“fj are the Christoffel symbols of the surfatfe, , a-).
Sinced?t/day.0as = 8°F/Day.0a1, one can conclude that _ _ , _
rl, = '}, andl2, = 2. reciprocal metric tensors and the first and second deriva-
The Christoffel symbols may be derived, in their turn, 1V€S ) e o
with use of the second derivatives and the reciprocal vectors Tk = Z kl(L . ﬁ)_ (15)
I_"k £ =1 6ai8aj Bal
2=
g L .7k 10 3 A Deformable Surface Model
Y Qa;0a; (10)
. T B The dynamics of the physically based model proposed by
A vectorr” is calledreciprocal vectorof {%‘"j, if it sa- Terzopoulos et al. are ruled by the equation of motion in its
tisfies o¢ Lagrangian formulation:
g L i
r da; 05 (11) O*F  OF  e(P)

MW+’YE+ 57 = f(r,1). (16)

In EQ.(16)u is the mass density andis the dumping
constant at a point. The vectorf denotes the total con-
tribution of external forces at in an instantt. The term
corresponding to the internal energies accumulated due to
elastical deformation(7) is estimated from the following
(12) empirical consideration [12]:

whereé;ﬁ is the Kronecker delta. Using the reciprocal base
system, we can write the differential &f in the form of

dr = Z?Zl r’dz;, wheredz; are the appropriate compo-
nents ofdr, and define the components of thexiprocal
metric tensoror conjugate metric tensor

Gl =¢ .1,

computed in terms of the metric tens@rs; by
o) = [ G - GOIE + 1B - B3durdas, (1)
Q
G = %, G2 =G*" = _Gi _Gu (13) which takes, for the metric and curvature tensors, a weighted
G G G norm of the difference between the deformed state and rest
with G = G11Ga2 — G12Goy. It follows that the reciprocal — state values. That measure caasonablyestimate the

22
, G

vectors can be computed by the expression elastical energy of a surface, attaching the amount of ener-
gy to the variations in the surface’s geometric shape. In
2 - .
v N i or (14) other words, that norm is a measure of the energy needed to
r= Z da;’ displace the surface’s points, defined over a re@lipfrom

j=1 their rest state.

Replacinge® in Eq.(10) by Eq.(14), we get the follow- By applying the weighted norms of Eq.(17), the fol-
ing expression for the Christoffel symbols in terms of the lowing simplified deformation energy is obtained:



Figure 4: Resistance to curving and to metric variation.

G?j)2 +&ij(Bij — ng)z)dald@

=/ > (i (Gij ~
Q i
(18)

The weightsn;; and&;; are denominatedlasticity para-
meters

From Eq.(17), a good approximation may be derived
by internal forceg(r) = de(¥)/dr due to deformations on
the object [8]:

2
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4,j=

or 0?

J') +3al

ijaT (sz ): (19)

where the term8(;;1) /Or,, andd(B;;1)/Or,, were dis-
regarded and

15 (@) (G
§ij (@)(Bi;

- GY)
- BY)).

ij(d@,T)

Bij(@,r)

(20)

Further, Terzopoulos et al. used the second derivatives

0?(F)/da;0a; as an approximation to the normal vector
in Eq. (18) and obtained the following expression

0 or 02 0%
8ai ) <a” 8a]-> + c’)aic‘)a]- <B” aaiaa]‘
(21)
Since quantitie€y;; are related to surface stretching
and shearing, while the values fB%; are related to bend-
ing and twisting, our measures of deformation follow from

these quantities and the surface’s behavior of resistance to
external forces will be as much effective as greater are the

values assigned to the elasticity parameters.
Observing Eqs.(16) and (17) we will see that the geo-

metric shape of a deformable surface can be controlled not

|||||ii||i|||| |ii||ilii‘ll|l|
& =36x10""7 &i=T70x10"7

Figure 5: Distinct behaviors towards curving resistance.

only by u, v and external forcef(F, t), but also by the
elasticity parameters. Due to the diversity of parameters
involved, different combinations of those parameters could
take us to the same visual effect.

That flexibility increases the model’'s versatility, but,
on the other hand, makes it difficult to be controlled, since
these parameters are not orthogonal and the influence of
some parameter values can be masked by others. Ramos et
al. proposed the distinction of two control levels [11]:

Rigid-body motion control: By assigning adequate values
for u, v and f, we may have an inaccurate, but intui-
tive control of the object’s dynamics. All points in the
surface assume equal valuespobind+y, considering
that the surface is homogeneous in relation to the en-
vironment in which is immerse.

Pure deformation control: The variations in the local ge-
ometry of each point is caused by the material’s resis-
tance to variations in stretching and bending. That ef-
fect can be controlled by properly setting the elasticity
parameterg;; and¢;;.

On the basis of the parameter choices suggested by
Ramos et al., we carried out a set of simulations in the de-
formable model given by Eq. (21) and group them into four
classes of deformations:

1. no resistance to metric variation and no resistance to
curving (7;; ~ 0 and&;; ~ 0) such as the effect of
gravity force acting on a piece of melting cheese fixed
at its boundary (Figure 1). Note that the deforming
energy is completely absorbed by the points adjacent
to the fixed ones; no deformation occurs in the interior
of the object.



Figure 6: Effect of non-normalized normal vectors. & =3.0x107° & =10x10"*

_ _ o _ Figure 7: Distinct behaviors towards curving resistance in
2. resistance to metric variation and no resistance to cur-z new approach.

ving (n;; # 0 and&;; = 0) such as a piece of cloth
under the action of the gravity force. Figure 2 illus-
trates a time sequence of a table cloth being spread o
a tablef);; = 0.001 andn;2 = 121 = 0.0006). In this As shown by Eq.(21), Terzopoulos et al. [12] approximate
case, variations on the area of the deforming object the normal vectofi that appears in equation (18) by the se-
cannot be perceived visually. cond derivatives. This approximation may distort not only
the magnitude but also the direction and sense of curving
deformations, since the directions of the second derivatives
do not necessary coincide with the direction of the normal
vectorii. Therefore, unexpected bending effects may be
yielded. In this section, we present an alternative approxi-
mation for the normal vectat in Eq.(19). In our approxi-
mation, the main concern is that the components of the met-
ric and the curvature tensors must satisfy the compatibility
relation expressed by Eq.( 9) and that the result is easily

A new approximation for i

3. resistance to metric variation and no resistance to cur-
ving (n;; # 0 and¢&;; = 0) such as a rubber sheet
with fixed boundary under the action of the gravity
force, as depicted in Figure 3. Note that as the value
of n;; increases, the sheet tends to remain flat once it
offers more resistance to stretching. The perception of
“variation in bending“ is due to the natural “geometric
compatibility adjustment” since there is no resistance
to curving and the border is fixed.

linearizable.
4. resistance to metric variation and resistance to curving Using Eq.(7), the following approximation is derived
(m:; # 0and¢;; # 0) such as a piece of cardboayg(= o o o
0.01 and¢;; = 1.0 x 10~®) under a pressing force at W(Bijﬁ) = G_(G—Bijﬁ)
its center, as shown in Figure 4. ai0a; @i 0d;
. . L 82B;; 2. 9B, OF
From our experiments, we noticed that it is difficult to = G 9 s ——
control the bending deformation with the elasticity parame- da;da; 1 daj " Oay
ters¢;; # 0. Most of visual results do not correspond to the 5 2 oF
expected physical behavior. Figure 5 gathers the simulation + (B Z di; _r)_ (22)
. . : 8ai J J aak
results of a piece of paper for the same set of simulation k1

parameters, except the resistance to curving under a force

applied at its center. Observe that for a fixgg when the We would like to write an expression fiin terms of

value of¢;; increases, the sheet of paper tends to fold, ins- the derivatives of, without resorting to cross productin or-
*J ' pap ' der to also make possible the transformation of the system

tead of maintaining flat. It seems that curving resistances o . ; . )
spontaneously generate additional forces to produce twis-Of partial differential equations (19) into a system of ordi-
P Y49 P nary differential equations. From Eq.(9), we have at each

ting effect. Our conjecture is that these unrealistic effects . .

) X ) non-singular pointB;;
are due to the lack in the control of the relationship be- 9 pointgi; # 0)
tween the metric and curvature tensors while the surface is 1. 0 , oOr 5 OF

deforming. n= B—ij[m ~LYiga L 6—@]' (23)



Figure 8: Effect of normalized normal vectors. Figure 9: Lifting a cardboard.

iy, with the following expressions, whebes a function of

The Christoffel symbold’;; may be computed from A oW PSS
the initial spatial discretization of the mesh:

the coefficients of the metric tensor and their derivatives
with the help of Eq.(15), while the components of the cur- e if |B;; ;,—1| > ¢, then
vature tensoB;; depend on the second derivatives and the

2= —
normal vector to be calculated as shows Eqg.(6). 1 O°rk _ 11]. ko1 Oty _ f, b1 ar’”] (24)
To simplify, we used the fact that the surface is conti- Bij k-1 0a;0a; * 9y day
nuously deforming and the time and spatial discretizations 4 i (.0 < Bije—1 < 0, then
are sufficiently fine that there is no abrupt modification in . . .
the normal vectors and in the Christoffel symbols angjn 0t _ 7l oty 2 %] (25)
at any point of the surface between two subsequent states da;0a; 1 0a DF1 9y
k — 1 andk of a time sequence of deformable models. At . if -5 < B < 0.0. then
each staté, B;; 1 is determined from the normal vec- k=1 o
tori = (%t x %)/ | St S| as expressed by 2R e O g O o)
Eq. 6 and is applied together wilt}, , _, andl'?, , _, atthe da;9a; T 0w T Oa
statek — 1 to compute the normal vectaiy, for 'ihe statek Experimentally, we observed th&t= 0.5 delivers best
. . . results for the cases when the discretization is such a one
i = . 1 68% _ le e ? _ %j - ?]_ that;he mapping of each of its cells is a almost planar patch
ij,k—1 00;0a; ’ ay ’ a3 in R3.

Standard finite difference approximation as suggested

In principle, only the direction of normal vectors is by Terzopoulos et al., is used to discretize Eq.(22) for get-

important for determining the bending deformation energy,

ting
our first attempt was ignoring the norm af by setting

|Bij| = 1.0. However, some non-realistic visual effects N

were still observed. Figure 6 illustrates, after a large reac-Dij (Bij) n+2 Dj (Bij)dri Dy (F)+D; (Bij de]
tion force, how the deforming surface may suffer displace- k=1 k=1

ments in the tangential direction in such a way that it seemswherei is computed from the discretization of the expres-
“rotating”, even when only forces in the normal direction sions (24-26). The discretization of the common part of
are applied. Tracing the simulation procedure, we observedthree equations is

that the norm of a non-normalized normal vector may be [D}:(¥) — T, D} ¥ — T, D 7.
very large and may contribute unrealistically to the summa-
tion of the deforming forces. Some terms are not computable at the grid boundary

If we normalize the normal vector, when the spatial Points. Knowing that the normal vector must be perpen-
discretization is coarse we still faced cases for whiighis ~ dicular to the tangent plane, if the terBy;(F) cannot be
so small thafi;, may suffer from numerical imprecision. determined, we also sFﬂijJr* = F2 D+r = 0 to ensure
As an intermediary solution, we opted for estimating thatn does not lie on the tangent plane



Figure 10: Opening a woolen curtain. Figure 11: Opening a silk curtain.

5 New Simulation Results nents ofy and¢ to obtain the shearing and twisting effects,

. . . . . the relation between the values &f, i j and twistin
In this section we present some representative simulation 05,0 7 J 9

: ! o effects does not correspond to our expectation yet in most
results obtained with our proposed approximation for the )
52 . experiments we performed.

normal vectors and the tergy 5o~ (Bi;10).

Figure 7 shows the new simulation results with the
same set of simulation parameters used in Figure 5. Ob-6 Concluding Remarks
serve that when the resistance to curving increases, the she
of paper tends to preserve its flatness instead of folding.

Figure 8 shows the results obtained with the same si-
mulation parameters we used for the animation sequenc

qlhe expected visual effect of the curving resistance forces
is to act against the external forces in the normal vector
direction. More reliable are the normal vectors, more rea-
prgsenFed i_n Figurg 6. Note that th_e v@s_ual effect we Ob_eilstm are th_e visual effecgs;. We. Piegent another expres-smn
tained in Figure 8 is closer to our intuition than the one fOF cOMPputing the termy - (/1) in Eq.(19) and an a
presented in Figure 6. pproximation for the normal vectors on the ba5|§ of Gauss
Figure 9 illustrates a simulation of lifting a sheet of formulae which take the compatibility of the metric and the
cardboard which offers a big resistance both to stretchingCurvature tensors into consideration. Much more intuitive
(ni; = 1.0 x 102) and curving &, = 2.0 x 10~°). The resuI’Fs have been a_ch|eved Wlth sma.II incrementin the com-
lifting force is applied at the middle point. quatlonaI complexity. Further investigation of th_e re_Iatlt_Jn-
Figure 10 presents a simulation of opening of a woollen Ship between the parameteand a spatial discretization is
curtain @ = 1.0 x 1073, 12 = 721 = 1.0 x 10~ and required to provide an adaptatlve meshing procedurg. .
¢&; = 2.0 x 107%) by applying the same force along its  Inour tests, we perceived that the control qf twisting
upper line. is still awkward. Wheng;; 7£ 0, # j, excessive dls-_
Figure 11 shows a simulation of opening of a silk cur- Placements in unexpected directions can occur. We believe
tain that differs from the previous one only in thg. In  that the problem may rely on the deformation model pro-
this simulationg;; = 0.0 posed by Terzopoulous and we plan.to investigate qlterna-
Figure 12 presents the results of a simulation similar tive models that also relate the physical variables with the

to the one illustrated in Figure 2. We only alter the value 9eometric measurements.

of curving resistancetf; = 1.0 x 107° and¢;, = & =

1.0 x 10~7). Observe that with resistance to curving, the

behavior of the table cloth turns from the fabric material to

the cardboard one. We acknowledge the financial support to the second author
Despite of the good visual simulation results from this provided by CAPES/PICDT during his staying at Unicamp

section, in which we used distinct values for the compo- while this work is performed for his Doctorate.
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Figure 12: Resistance to metric variation and resistance to
curving.
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